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ANSWERS . e 


THE PRINCIPAL FORMULA IN 


TRIGONOMETRY. 
PART L 
I. Circumference of a circle = 27r. (Art. 12.) 
22 355 
mw =3:14159.. . | Approximations are = and —; TB . (Art. 13.) 
A Radian =57° 17’ 44:8” nearly. (Art. 16.) 
Two right angles = 180° = 200% = x radians. (Art. 19.) 
arc : 
Angle = ey Radian. (Art. 21.) 
ics sin? § + cos’ @=1; 
sec?9=1+ tan?0; 
cosec? 6 = 1 + cot? @. (Art. 27.) 
III. sin 0°=0; cos0°=1. (Art. 36.) 
sin 30° = : ; cos 30°= Se (Art. 34.) 
sin 45° = cos 45° = at (Art. 33.) 
sin 60° = oe ; cos 60° ae (Art. 35.) 
sin 90°=1; cos 90°=0. (Art. 37.) 
ppt at sae Oe J/3+1 

sin 15° = 2/2 3; cos 15°= 2/3 (Art, 106.) 
ances a DG a (Arts, 120, 121.) 


vill 


IV. 


VI. 


THE PRINCIPAL FORMULZ IN TRIGONOMETRY. 
sin (— 6) =—sin 6; cos (— 0) =cos 0. (Art. 68.) 
sin (90° —6)=cos@; cos (90° — @) = sin 6. (Art. 69.) 
sin (90° + 0) =cos@; cos(90°+6)=—sin@ (Art. 70.) 
sin (180° — 6) =sin 6; cos (180°—6)=—cos6. (Art. 72.) 
sin (180° + 6) =—sin 6; cos (180° + #) = —cos 6. (Art. 73.) 
If sin 9 =sin a, then 0=nz + (— 1)". (Art. 82.) 
If cos 0=cosa, then 6=2n7 =a. (Art. 83.) 
Tf tan 6= tana, then 0=n7r +a. (Art. 84.) 

sin (A + B) =sin A cos B+ cos A sin B. 


cos (A +.B) =cos A cos B—sin A sin B. (Art. 88.) 
sin (A - B) =sin 4 cos B—cos A sin B. 
cos (A —B) = cos A cos B+sin Asin B. (Art. 90.) 


sin 0 + sin D=2 sin CEP og =P, 
sin (sin So enee eae ato 
008 0+ 008 D= 2 cos 2+? ogg C=? 
008 D — cos C= 2 sin S*? sin ae (Art. 94.) 


2 sin A cos B=sin (A + B)+sin(A—B). 
2 cos A sin B=sin (A + B)—sin (A —B), 
2 cos A cos B= cos (A + B) + cos (A — B). 
2 sin A sin B=cos(4—B)—cos(A +B). (Art. 97.) 
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tan Ad + tan B 
1—tan A tan B’ 
tan A —tan B 
ONES T T tan A tan B 


tan (A + B) = 
(Art, 98.) 


sin 2A =2sin A cos A. 


cos 24 =cos? A —sin? A = 1 —2 sin? A = 2.cos? A—1. 


2 tan A 1—tan? A 
sin 2A = stant 3 cos 2A = Lanterns 4 Fy (Art. 109.) 
2 tan A 

tan 9A = 1 tanta” (Art. 105.) 

sin 34 =3 sin A — 4 sin? A. 

cos 34 = 4 cos’ A — 3 cos A. 

= 8 

ge ee tare 107) 


1—3 tan? A 


eee | 1—cos A. Ass ee 
sin 5 =~ (= cos 5 =* he (Art. 110.) 


Pom esi esis A * fl main A, 


2 
20084 =+ /I+sind + VI—ain A. (Art. 113.) 
8, — 8, + 85—- +e 
tan (A, ae A, +. + A,) = — oe e (Art. 125.) 
VII. log, mn = log, m + log, n. 
m 
-_-_= oC ail 
log, i log, m — log, 

log, m” =n log, m. (Art. 136.) 


log, m = log, m x log, }. (Art. 147.) 
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sinA sinB sind 


VIII. =, (Art. 163.) 
cos A ee (Art. 164.) 

ein 2 z “i: a ro . (Art. 165.) 

cO8 5 = - = = pee (Art. 166.) 


ant, /@=) 6-9) 
tan 5 Senay et (Ate 167.) 


sin A =~ Ja(@—a)(@—0) (@ =o)... (Ant. 169.) 


a=bcos C+ccos B,..... (Art. 170.) 
B-C b-c A 
tan —— = it 5 C0t aT arevees (Art. 171.) 


S=,/s (8—a) (8-6) (s—c)= pbesin. A=3 ca sin B=; ab sin C. 
(Art. 198.) 


ekg Pa = ve abe 
Ir. SY Werivicoc 7 (Arts. 200, 201.) 
r=—=(s—a) tan a SoHo (Arts. 202, 203.) 
S A 
= saaee tan 3° (Arts. 205, 206.) 


Area of a quadrilateral inscribable in a circle 


-JC-90-HG=9G=, (Art 219) 
sin 6 : 
a= 1, when 6 is very small. (Art. 228.) 


Area of a circle = ar, (Art. 233.) 
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X. = sina +sin(a + 8) +sin (a + 28) +... to m terms 


sin fas" p} sin “P 


2 2 


= Art 241) 
sin 3 
cos a + cos (a + 8) + cos (2 + 28) +... to n terms 


cos {a —— BI sin a 
ee, (Art. 242.) 


sin : 
PART II. 
XI It ¢ + *) = = 2°71828....0. (Arts. 2, 3.) 
n=co 


es ie + |ceoe ad ink, 


eee 


a®=1+axlog,a+ 5 (log, a)?+... ad inf. (Art. 5.) 


2 


log, (1+) =a—pat+ gat 3 at aaeees ad inf. 
when 2>—l1 and $l. (Art. 8.) 
sin — ‘ 
Lt (cos =) ete Oe (Artal 14165) 
Th=oo hao ws 
n 


XII. (cos 6 + ésin 0)" = cos nO + ¢sin nO. (Art. 21.) 
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XIII. sin n0 = n cos"-! @ sin 9 


_2(n—1) (n—2) COS*=" O'sin® O-t wessee 


$2273 
cos nO = cos" 6 — alee cos"~? @ sin? 8 
n(n—1) (9-2) 8s ee - 
+> eae eee Osin*O—...... (Art. 27.) 
tan no = 21 80 t 86 81 + nee 3 (Art. 30.) 
1 — 8 + 84 — 8 + .ceeee 
3 a a5 * 
XIV. meanmlts 30 5 sees ad inf. (Art. 33.) 
auras e 
Sn =a ana ae eeeaet ad inf, (Art. 32.) 
_ a —at 
oe a 3 cos m= — ° (Art. 60.) 


XV. Log (a + Bi) = log, a? + 6? + 4 (Qn + 6), 


where cos @=——“____ and sin@ = be 
+a? +B + Ja? + f? 
(Art. 82. 
= 1 1 1 P 
XVI. tana =e a +o —Wal+...... ad inf, 
3 5 7 
where & is numerically not greater than unity. (Art. 95.) 


6 -—pr= tan 6— Ftan' 0+ 7 tant @— coovee Ad inf. 


where 6 lies between px 3 and pr + i (Art. 96.) 
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XVII. a™ — 2a™e" cos nb + a” 


art 
= "TT {1?— 20x cos (0+ =) +a} (Art, 118, 
r=0 nr 
r=p-1 


a*—l=(2?—1) I at 0 cos" +1), (neven) . 
1 


nm—1 
ees 
and  =(%—1) a — 2m cos" + 1), (n odd). 
=1 
: (Art. 119.) 
ag Or +1 
e*+1l= I (2— 22008 tea’ iy (nm even) 
r=0 n 
eee! 
a 
and =(x+1) 22008" ** +1), (n odd). 
r=0 


(Art. 120.) 


3 
sin 0=6 (a -5) (1 « =) (a z 3) ae ad inf, (Art. 122.) 


46 46° 463 ; 
cos 0 = ¢ =) Q - 3) Q — Bara) sree ad inf. (Art. 123.) 


PART II. 


ANALYTICAL TRIGONOMETRY. 


CHAPTER I. 
EXPONENTIAL AND LOGARITHMIC SERIES. 


1. In the following chapter we are about to obtain 
an expansion in powers of a for the expression a*, where 
both a and z@ are real, and also to obtain an expansion for 
log,(1+), where @ is real and less than unity, and e 
stands for a quantity to be defined. 

2. To find the value of the quantity (1 + , when 


n becomes infinitely great and 1s real. 
Since 2 < 1, we have, by the Binomial Theorem, 


1 Ue 1) 1, n(n—1)(n 21. 
(145) pac star, aga! 1. oF et 


ae) yee 
i E 4010 C 


This series is true for all values of n, however great. 
Make then n infinite and the right-hand side 


fea AE. 2 ceeee (2). 


=1+1+ 


14-1 if Pikes 
i ae ea 
tect iL 1 
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“ita oe De 
Hence the limiting value, when n is infinite, of (1 + 5) 


is the sum of the series 
1+14+4 + a +...ad inf. 
2B" 
The sum of this series is always denoted by the 
quantity e. 
Hence we have 
1 ah F 
zt (14 a) =% 
where Lt stands for “the limit when n= 00.” 


Cor. By putting n=, it follows (since m is zero 


when n is infinity) that 


Lt(1 4m) = Lt (1 rt =) =e 
m=0 


n= 


3. This quantity e is finite, 


For since B <55 a 
Le ri 1 
|4 2.2 2 < 93 
weohave eee see 
Le eT: 
e<1l+1+4= at gatos eset ad inf. 
I 
Seer 


<14+2, te < 3. 
Also clearly e> 2. 


THE QUANTITY 6. 3 


Hence it lies between 2 and 3. 
By taking a sufficient number of terms in the series, it 
can be shewn that 


e = 2°7182818285.... 
4. The quantity e is incommensurable. 


For, if possible, suppose it to be equal to a fraction , Where p and q 


are whole numbers. 
We have then 


Bal+l+5+ pretqt See a eeeese(L)s 


Multiply this equation by |g, so that all the terms of the series (1) 


become integers except those commencing with a . Hence we have 
LETS. 21 hase 
q—1= whole number + —— +... 
Jee [ari * (gsa* west” 
: 1 1 1 
i.e. an integer = —— + ———__—_ + ——____—___- +... ,,.(2). 
ve gti (+1) (+2) @+1) (+2) (7+) ?) 
But the right-hand side of this equation is > it , and 
1 1 i, Sedo 1 Pe 
<qi  @iy* @yp 
i.e. is wiles (1- ae 
Cs mea ve Pre 
ry ele 1 
i.e. is <-. 
q 
Hence the right-hand side of (2) lies between real and a and is there- 


fore a fraction and go cannot be equal to the left-hand side. 
Hence our supposition that e was commensurable is incorrect and it 
therefore must be incommensurable. 


5. Exponential Series. When « is real, to prove 
that 


a : 
eerie 


3 
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and that 
a*=1+a2log.a+ 5 (logea)? + ... ad inf. 


When n is greater than unity, we have 


(oy -0037 


x 1 | na(na@—1)1 | na(na—1)(nz—2)1 
TltM Gog ag? 2,3 5 
1 1 2 

eo} ole-De-J 
cat al gow teem rar aed 


In this expression make n infinitely great. The left- 
hand becomes, as in Art. 2, e. 
The right-hand becomes 


l+ot eye 
"20 ee 


Hence we have 


xo : 
Sot aig esas phn eee (1). 
Let a=e, so that c=log,a. 


2 2 3 
2 0 ar aa +o AG Ini 
by substituting ca for x in the series (1). 
*.a*=1+xlo oe (lo ee (log, a)*+...ad inf. 
ee Be [2 Be (3 Be ++. ad mi, 


sidataewaty Soaks (2). 


6. It can be shewn (as in 0, Smith’s Algebra, Art. 278) that the 
series (1), and therefore (2), of the last article is convergent for all real 
values of 2. 


EXPONENTIAL THEOREM. 5 


7, Ex. 1. Prove that 3(e-3)= cue +z ol . ad inf. 
BoB 
By equation (1) of Art. 5 we have, by putting x in succession equal 
to land -1, 


1: Ft ee | ee 
me Goes a . ad inf. 
1 oe as Ea 
ws prio inf. 
and et=1- itp pti ad inf. 
Hence, by subtraction, 
e—e1=2 (145 ad +. Je 
Br 6 
a 1 i eek : 
1.2. 3 (e- 3)= sahig pts . ad inf. 
Ex. 2. Find the sum of the series 
peer Prete are h Sa Daan. 
Pee ay eee 
1 (n+l) 
The nth term al t2+3+...+0_ 2 


ha le 
= a0 2 oral le sles 2 + n-1. mil: 


provided that n > 2. 


Similarly 
h h act! 1 2 
the (n-1)t term=5 [ 3 +73): 
il feat 2 
the 4th term=5 [st Bl ’ 
Lnds2 
the 3rd term=5 li + al ; 
Also the 2nd term= 5 [+ i): 


and the Ist en 


aL il: 
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Hence, by addition, the whole series 


1 1 1 1 come 
=5 [1+ iia Pi jet adint. | 


1 po 

= = f 
+5-2[1+at ot ppt ad inf. | 
Fal a ene 
By whe s a 


8. Logarithmic Series. To prove that, when y is 
real and numerically < 1, then 


bb) pte iets 
loge +9) = 9S ah 4 yea safe 


In the equation (2) of Art. 5, put 
a=l1+y, 

and we have 
(l+y =1+4elog,(1+y)+ 2 {log.(1 +y)}?+... ...(1). 


But, since y is real and numerically < unity, we have 


a(a—1 a(%—1)(x— 2) 
(1 +yF=1+e.y+2@—) ye Dee 
oust apn vame seal 
The series on the right-hand side of (1) and (2) are 
equal to one another and both convergent, when y is 
numerically < 1. Also it could be shewn that the series 
on the right hand side of (2) is convergent when it is 


arranged in powers of a Hence we may equate like 
powers of a, 


So eee 


Thus we have 
ree Be Get LG (—1) (—2)(-3) 
pet) ¥ = 5 te YOST a a 
+... ad inf.,, 
= Ls 1 eee . 2 
we. log, (1 fev +3y Sire ORC bay bees (E) 
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9. If y=1, the series (3) of the previous article is equal to 


sas ge | : 
ters ae ene ad inf, 
which is known to be convergent. 
If y=—1, it equals -1-5~-5- = ad inf. which is known to be 


divergent. 

In addition therefore to being true for all values of y between —1 and 
+1, itis true for the value y=1; it is not however true for the value 
y= - f, 

10. Calculation of logarithms to base e. 
In the logarithmic series, if we put y= 1, we have 


A ies 
loge2=1—5 +5-—G+.--- ad inf a 
If we put y=5) 
we have 
3 ios 
log, 3 — log, 2 = log Seg = loge (1 +5) 
ote le aT. 1 
=o amt RZ aH cin sl tojsiemss cone). 
If we put y=) 
we have 
1 dhe pl keg Fas as ee ee 
log. 4 — log, 8 =log. (1 +3)=§73 3a + 3: 3 rere 
Barca aosnete erect) 


From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log, 3, and log, 4. 

It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 
the required degree of accuracy. We shall therefore 
obtain more convenient series, 
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11. By Art. 8 we have 
tere hoe 
log.(l+y)=y-sy Teva See 
and, by changing the sign of y, 
rh ged! ive 
10s (LY) SU ated gees Ae e. | 


In order that both these series may be true y must 
be numerically less than unity. 
By subtraction, we have 


1 ie 
log. (1+ y) — log, (1— y)=log, j2= 2 ly neg pvt. | 


Let peer ast 
m+n 


where m and n are positive integers and m > n, so that 


The equation (3) becomes 


mM _o| (m—n\ _1/m—n\?_ 1 /m—n\® 
loge, a | (2) ve Ga a as us vf) 
Put m=2,n=1 in (4) and we get log, 2. 
Put m=8, n=2 and we get log,.3 —log,2, and there- 
fore log, 3. 


By proceeding in this way we get the value of the 
logarithm of any number to base é. 


12. Logarithms to base 10. The logarithms of 


the previous article, to base é, are called Napierian or 
natural logarithms, 


LOGARITHMS TO BASE 10. 9 


We can convert these logarithms into logarithms to 
base 10. 


For, by Art. 147 (Part I.), we have, if V be any number, 
log, NV = log, N x log, 10. 


: be 1 
«. logy W =log, N x fete 


Now log. 10 can be found as in the last article and 


then is found to be °4342944819.... 


1 
log, 10 
Hence logy N =log, N x *48429448..., 


so that the logarithm of any number to base 10 is found 
by multiplying its logarithm to base e by the quantity 
43429448.... This quantity is called the Modulus. 


EXAMPLES. I. 
Prove that 


a ie LeteNalt it Gt gto 


eases io 
2. (at pt pt 


at at =1+ (145+ Bt ) 
4 Watetat =5 5 eter Hae 
Lee ie 
5 eer 
itp tps 
2° 3? 4 
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Find i sum the series 


8. 1- 


1 : 
+5-qte .ad inf, 
1 Le eee ear 
9, a7 ‘gat 3° ws Zi gat ae ad inf, 
Prove that 
a-b 1fa—b\? 1 fa—b\3 
1a aloe ie 4 AS eae ee 


11, loge 7 E=2 (a4 5att zat. ad inf.) 


1 3 
z+1 LES ne | 1 - é 
12. log. 5 =2 (2+ 3a t pst ad int.), if >1. 
2 3 
13. log,(1+3a + 222) = i ee 


Qn” 
+(-1)"7 nea "Fey 
provided that 27 be not >1. 
il 1 


t are teens if z>l. 


14, 2log,a—log, (x+1)-log, (x- I=5+ aoe ar 


1 : 
at i + A +... ad inf, 


5s log.2= 


1 
1 
16. log.2—5 = 


° 
° . 
a 
> 
! 
eS) 
=: 
D> 
A 
! 


ie} 

fo} 

m 
an 

Dd 

+ 

Pe | 
ee 


UI 
17, tan O+5 tan? @+5 tant 6+...==log 


18, If 6 be >5 and <-z, prove that 
: ile. ee : 
(1) sin O+5 sin’ @ ‘ sin’ #+,,, ad inf. 
=2| cot 5 aot f a d inf 
= 3 at +c Apo int. |, 
and, if @ be >0 and <3) prove that 
lie Lise Lm : 
(2) 9 Sin? O+9 sin @ + ¢ sin® 6+... ad inf. 


al he 0 
= ria ee (aoe el lo? i 
2| tan g tg tan’a + ztan at... ad inf, | 


[Exs. 1] LOGARITHMS TO BASE 10 11 


19, If tan?@<1, prove that 


1 
tan? @— 5 tant 0+; tan’ a =... ad inf, 


=sin? 0+5 sin‘ 6 = sin’ 6+... ad inf. 
20. Prove that, if 2@ be not a multiple of z, 
log cot @=cos 2045 cos? 26 +5 0088 20+... ad inf. 


21. Prove that the coefficient of «” in the expansion of 
{log. (1+=)}? 


2 2(-1)" ies at 1 
1s “ [1t5+gt- += |. 


92. Use the methods of Arts, 11 and 12 to prove that 
log,)2="30103... 
and logy)3= ‘47712... 
93, Draw the curve y=log. 2. 
[If « be negative, y is imaginary ; when 2 is zero, y equals — © ; when 
z is unity, y is nothing ; when = is positive and >1, y is always positive ; 
when z is infinity, y is infinity also.] 


94, Draw the curve y=log,,* and state the geometrical relation 
between it and the curve of the last example. 
[Use Art, 147, Part I.] 


25, Draw the curve y=.a’. 

13. The two following limits will be required in the 
next chapter but one. 

n 

14. To prove that the value of (cos =) , when n is 

infinite, is unity. 

We have cos = = (1 — sin? °) ; 

n n 


nie 
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Now, by putting 
—sin? = m, 
n 


we have 
po Si 1 
Lt {1 - sine avs = Lt {1 + m}" =e. (Art. 2, Cor.) 
n= m=0 
Also, by Art. 228 (Part I.), 
~ sin? & 
Ge n 
2 
sin — os 
=f —_—_ <== = i x 0 = 0, 
a 2n 
n 


when n is infinite. 
Hence, when n is infinite, 


E f= C=. 
n 


Aliter. This limit may also be found by using the 
logarithmic series, 


n 
For, putting (cos =) =u, we have 


log. u =n log, cos a log, cos? a 
nm 2 n 


n <2 
a log, (1 — sin? =) 
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The series inside the bracket lies between sin? = and 


the series 


sin? — a sin‘ “ + sin’ 2 .. ad inf, 
n reh 


2.¢e. lies between 


Leh) 
a aD 

sin’ and = 

1—sin? — 

n 

eee ee a 
2.e. lies between sin’ and tan?—. 
n 


Hence — log w lies between 


LE aed Or aed 
5 Sin’ and 3 tan prints (1). 
But 
2 
n a it (og 
Lt = sin?— = Lt x —=Lx0=0, 
pete os ae a Qn 
n 
and 
aN 
n a a as 1 a 
Lt —tan*—- = Lt ant ta x1 OS-0. 
pea nh n=0 a a 2n 
_ cos? — 
n n 


(Art. 228, Part I.) 


Hence in the limit both quantities (1) become 0, so 
that log u becomes zero also, and therefore, in the limit, 


u=1. 
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15. To prove that the limiting value of re 
n 


when n is infinite, is unity. 
We have shewn, in Art. 227 (Part I. ), that sin 6, 0 and 
tan @ are in ascending order of magnitude. 


-aa a 
Hence sin—,—, and tan — 
n’n n 


are in ascending order. 


a 
n 1 
Hence 1, , and —— 
: a 
810 — cos — 
n n 
are in ascending order. 
a nr 


Therefore mae les between 1 and — , SO 


sin — cos — 
: nN 
sin a 
; a 
that aa lies between 1 and (cos 5) ; 
n 
n 


But, by the last article, the value of (cos =f is unity, 


when n is infinite. 
me INE 
sin — 
Hence, when n is infinite, the value of cee, 


3 12 


is unity, 
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16. ‘There is one point in Art. 2 that requires some examination. 


We ought to shew rigidly that the value of the series on the right 
hand of (1) is equal, when n becomes indefinitely great, to the series (2). 


Take the (p+1)th term of the series (1), viz. 


(1-2) (1-2) au (1-22) 


= pee ete 


When a, d, c...... are all positive quantities and less than unity, we 
have 


(1—-a) (1—b)=1-a-b+ab>1-a-b, 
and (1-a) (1-5) (1-c)>(1—a—b) (L-c)>1-a-b-e, 
and so on, so that 
(1—a) (1—}) (L—¢)...... >1-(a+bte+ snc ). 


La 8 -1 
1B (F tat ee Ces ), 
nn n n 
-1 
i.e, between unity and 1-2 (i= 4) 


Therefore the quantity (1) lies between 
i and i = i at Sea 
|p |p 2n |[p-2° 


Hence the whole series (1) of Art. 2 lies between 
sR a! 
1414+ pe B eats 
ay ee! te. + iin oa Oa ; 
é = =U — —-s )+.... f, 
and 1414(5 ate Ae ba an Be ad in 


: 1 i : 
. 1.€- Sa ee on 


2 (1+5+igt ... ad inf.). 


Pe 
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Now the series 1+ —+-—+...ad inf. is, as in Art. 6, convergent, so 
ares 


that the quantity = G45 + at) is, when n is made indefinitely 


ig 


great, ultimately equal to zero. 
Therefore, finally, the series (1) of Art, 2 is equal, in the limit, to 


tat eta +... ad inf, 
a 
A similar argument will Pee to the series in Art. 5, and also to 
those in Arts. 32 and 33. 


CHAPTER IL 


COMPLEX QUANTITIES. DE MOIVRES THEOREM. 


17. Complex quantities. The quantity #+yV—1, 
where # and y are both real, is called a complex quantity. 
A complex quantity consists therefore of the sum of two 
quantities, one of which is wholly real and the other of 
which is wholly imaginary. 

18. A complex quantity can always be put into the 
form r(cos 8+ —1sin@), where r and @ are both real. 
For assume that 

et+yN —1=r(cos6+¥ —1sin 8) 
=rcos 0+V—1.rsin8é. 


Equating the real and imaginary parts on the two 
sides of this equation, we have . 


and 1 SIN O = Y¥ ..cccccecensersscereress (2). 
Hence, by squaring and adding, we have P=? + y’, 
so that r=Ve+y3. 
boreIL 2 
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It is customary to take the positive square root of 
a?+ y? and hence r is known. 

From (1) and (2) we then have 

x : 
oo Me Were ee a Oe 

Whatever be the values of « and y, there is one value 
of 6, and only one value, lying between —7 radians and 
+ radians which satisfies these two equations. 

The quantity «+y¥—1 can therefore always be 
expressed in the form r(cos 6 + ./—1 sin 8). 

Def. The quantity + /z?+ y? is called the Modulus 


of the complex quantity, and that value of @ (lying 
between — 7 and +7r) which satisfies the relations 


C08 6 a end sd ee 
+Var+ ¥ +Va? + y? 
is called the principal value of the Amplitude of 
a+yVv—1. 
19, Ex. 1. Express in the above form the quantity 1+ <i -1. 
Here 1+./-1=r (cos 0+,/—1sin 8), 
so that rcos é=1, 
and rsin ¢=1, 


We thereforehave r=+,/1+1=+,/2, 


1 : ib 
and then cos 0 ay and sin 0 = 72° 
that =", 
so tha 6 Z 


Hence 1+./=1=y2| cos + J=isin |, 


so that ,/2 is the modulus and zis the principal value of the amplitude 


of the given expression. 
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Ex. 2. Quantity—1+,/—3. 


Here ~1+,./-1/3=r (cos 0+ /—1sin 6), 
so that rcos #= —1, and rsin @=,/3. 
2 r=+/148=42, 
and then cos 6= sk and sin g=N3 
2 The 
so that et 
3 


BS - 1+ /=8=2| 00s F44/=isin 3]. 


Ex. 8. Quantity -1-,/-8. 


Here rcosé=-—1, and rsin = —,/3, 

a —> 1 ; J 
80 that r= +/14+8=42, cos 6= — 5 and sin@=-->- 

Hence (since we choose for @ that value which lies between —m and 
+7) we have d= - = 


20. In Art. 18 the equations 


__” ___ and sin = __-_— 
+Va+y? + Vat + 

are satisfied by more than one value of @. For the cosine 
and sine of an angle repeat the same values when the 
angle is increased by any multiple of 2z radians, so that, 
if @ denote the value between — 7 and +7 satisfying the 
above relations, the general solution is 

Qn + 8, 


cos 6 = 


where n is any integer. 
This is expressed by saying that the amplitude of a 
2—2 
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complex quantity is many-valued. The principal value 
is that particular value of the amplitude that lies between 
—w and +7. 

If to the principal value of 6 we add any multiple of 
2Qer we obtain one of its many values. 

To sum up; If 6 be that value, lying between — 7 
and +77, which satisfies the equations 


and sin 0 = J sevson 4), 


6= 
cB Vat + y? Vae + y? 


then 
a+ yV —1= Va? + ¥? [cos (Qn + 6)+,./—1 sin (2n7 + 6)]. 


The quantity 2n7 + @ is called the amplitude and @ is 
called its principal value. 
For brevity we often write equations (1) in the fa 


tan =, 1.e. @=tan>%, 


but it must be understood that here the angle denoted i is 
the one that satisfies the conditions (1). 


21. De Moivre’s Theorem. Whatever may be the 


value of n, positive or negative, integral or fractional, the 
value, or one of the values, of 


(cos 0+n/ —1sin 0)" is cosnO +/—1 sin nd, 


Case I. Let n be a positive integer. 
By simple multiplication we have 


[cosa +7 —1 sina] [cos 8 +7 —1 sin f] 
= cos a cos 8 — sin asin 8 + V —1 [sin acos 8 + cosasin A] 


= cos (a+ 8)+V¥—1sin(a+ 8). 
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So 
[cosa + —1 sina] [cos8+¥V —1 sin8][cosy+¥V —1 sin y] 
=[cos (a + 8) +¥V —1sin (a+ 8)] [cos y+ V¥ —I1siny]. 
= [cos (a+ 8) cosy —sin (a + 8) sin y] 
+ —1 [sin (a + 8) cos y + cos (a + 8) sin y] 
=cos(a+B+y)+V¥—l1sin(a+B+y). 
This process may evidently be continued indefinitely, 
so that 
[cos a+ —1sin a][cos 8+V —1sin B][cosy+V —1siny] 
{SS i ree to n factors 
=cos(a+S8+y+...tonterms)+V—Isinfa+B+y+t... 


to n terms]. 
In this expression put 


a=B=y=....=9, 
so that we have 
[cos 0+ 7 —1 sin 0]" = cos n6 + / —1 sin nd. 

Case II. Let n be a negative integer and equal to 
—m. 
We have, by the ordinary law of indices, 

(cos 0+ —1sin 0)" =(cos 0+ —1 sin 0) 
e ! ae ene ven 
~ (cos0+V—1sin0)™ cosmd+ ¥—1sin m0’ 

by Case I 
cos m@ — V —1 sin m0 

(cos m@ + V —1sin m6) (cos m6 — ¥ —1sin m#) 
_ cos md — Vv —1sin m0 
~ cos? m6 + sin? mé 
= cos (— m) 6+ —1sin (— ‘m) 8 
= cos nO + ¥ —1sin nd. 


=cos mé —V —1 sin md 
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Case III. Let n be fractional and equal to ee where 


q is a positive integer and p is an integer, positive or 
negative. 
By the previous cases, we have 


[ose + Vv —1 sin | = cos (4. 4 + —Isin (¢. “) 
7 q Z q 
=cos6+V—1sin 0. 
Therefore cos : +V¥—1 sin” is such that its qth 
power is cos @+¥ —1sin 8. 
Hence cos it ¥—1 sin ; is one of the qth roots of 
cos 0 +V—1sin8, 
1.8. Br gd aici 
¢ q 
is one of the values of 


1 
(cos 0+,/—1 sin 6). 
Raise each of these quantities to the pth power. 
We then have that one of the values of 


Pp 
[cos 0+ —1 sin 6]? is (cos + 7 —1 sin Aye 
1.€. 18 os Pee, wt eyes 
q 7 
22. The quantity 7 is always used to denote V—1 


and will be often so used hereafter. The expression 
cos 6+isin @ therefore means cos 6+ V —1 sin 6, 
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ux. 1. Simplify 
(cos 30 +4 sin 36)5 (cos 0 —% sin 6)8 
(cos 50 +7 sin 56)’ (cos 20 —i sin 20)5 ° 
We have cos 30+7%8in 30=(cos +i sin 4), 
cos @—7 sin @=cos (— 0)+isin (-6)=(cos @ +7 sin @)-, 
cos 56 +4 sin 50= (cos 0 +7 sin 6), 
and cos 26—isin 26=cos (— 26) +7 sin (— 26)=(cos 6+7 sin 6)-%, 
The given expression therefore 
_ (cos +4 sin 6))® (cos @+isin 6)-$ 
~ (cos 0+7 sin 6)% (cos 6+isin 0)—? 
=(cos 6+7sin @)-4=cos 136-7 sin 138. 


Ex. 2. If 2.cos0= 2+ and 2 cos omyts, 
prove that one of the values of yt 
is 2 cos (m0 +n¢). 

We have 23-22 cos 0= —1. 


& (x—cos 6)?= —1+ cos? @= — sin? 0, 
. £2=C08d+isin O, 


so that 2™=cos mO+i sin md, 
and = =cos mé —7 sin mé. 
z 
Similarly y=cos P +7 sin ¢, 
so that y"=00s np+i sin nd, 
and a= cos nd — 7 sin nd. 


Be MEE = = 
=(cos md +7 sin mé) (cosng+isin np) 
+ (cos m9 —4 sin m0) (cos nd — i sin ng) 
=cos (md +n) +7 sin (mo +n) 
+cos (md +n¢) — i sin (md +n¢) 
=2 cos (mé+n¢). 
Similarly it could be shewn that one of the values of 
am™ y™ 


i + om is 2 cos (m6 —n¢). 
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Bx. 3. If sina+sinB+sin y=cosa+cosB+cosy=0, 
prove that cos 3a, + cos 38+ cos 3y=3 cos (a+B+y), 
and sin 3a + sin 36 + sin 3y=3 sin(a+B+74). 


This is an example of the many trigonometrical identities which are 
derived from algebraical identities, 


For we know that if a+b+c=0, 
then a3 +b? + c8=Babe. 

Let a=cosa+isina, b=cos6+isin B, and e=cos y+isin y, 
so that we have a+b+c=0. 

“. (cos a+isin a)®+ (cos 8 +i sin 8)? + (cos y+isin y)3 
=3(cosa+isin a) (cos 8+¢ sin B) (cos y+isin 1) 
so that, by De Moivre’s Theorem, 
(cos 3a + cos 38 + cos 8) +4 (sin 3a +-sin 38 +sin 3y) 
=3 cos (a+ B+) +3i sin (a+8++). 


Hence, by equating real and imaginary parts, we have the required 
results. 
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Put into the form r (cos @ +4 sin 0) the quantities 


Lis. 2. -1=6. 3. —/3+i. 
4, 8 EAs. 5. 1+/2+i. & 2=./o0e 
Simplity 
(cos ~isin 6)10 (cos a+isin a) (cos 8+ sin 8) 
(cos a+isin a)!" * (cos y+isin y) (cosd+isin 6) * 


(cos 20 —7 sin 20)? (cos 30 +4 sin 36)~5 
(cos 40 +i sin 40) °(cos 50 — isin 50)-6° 


( Lis Gee a 

cos = —isin ~ 

Ines 6 6 (cos a+¢ sin a)4 
(cos +isin” )# "(sin 6 +7 cos )>* 


12. {(cos@-cos¢) + i(sing — sin p)}"+ {cos @— cos —i (sin @— sin g)}*, 
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18. Prove that 

(sin 2 +7 cos x)"=cosn (5-2) +isinn (G--) F 
1+sin ¢+7 cos ¢\" n 0 
edge tees) = 00s ("F-ne) + sin (75 - no). 


If x, y, z and u stand respectively for 
cosy+isiny, and cosd+7sin 6, 


and that 


cosatisina, cosS+isin£, 


prove that 
14, (w@+y) (e+u)=4 cos 2 F cos oat cos es 
+isin ste) ; 
2 
" @-y)(e-u) 4 2 2 2 


~isin HPS"), 


ethers) 
3 “ 


16. cy+zu= 2 cos ud Pe [costo +i sin 


17, From the identity 
(a? — b2) (c2 — d2) =(c?— b2) (a? — a) + (ac?) (0? - @) 
prove, by putting a=cosa+isina and similar expressions for the other 
letters, the identity 
sin (a — 8) sin (7 — 6) =sin (a — 6) sin (y — 8) +sin (a — y) sin (8 — 6). 
18, From the identity ; 


(x —b) (z-¢) u (a —c) (w—a) 
(a—b) (a—e) * (b-¢) (b-a) 
deduce, by assuming s=cos 20+7 sin 20 and corresponding quantities for 


(w—-a) (a—b) _ 
(c—a)(c—b) 


a, b, and c, that 
sin (@—f) sin(@—vy) . a te hk Te 
sin (a= 6) sin (a=) sin 2 (0 — a) + two similar expressions =0. 
Similarly, deduce identities from the identity 
1 _ 1 s oe 
(e—a) (w-b)~ (a—0)(a—a)  (a-8)(2-8)" 
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19, Prove that 


me ie ak m b 
(a+ bi)" +(a — bi)” =2 (a? + b)™ cos é tan} :) “ 


a 
1 
20. It 2cosd=z+~, 
at 
prove that 2cos 1r0=2 +5. 
1 1 
Ol Tt 2 cos Coes 2 C08 P= Y tT reesene 
prove that 2 cos eal ca tin gc apr 
92. If Z,=CO8 at J —Iisin se 
prove that %.%q-Xg.... ad inf.=cos wr. 


23. Using De Moivre’s Theorem solve the equation 
a4—23+422-2¢+1=0. 


23. In Art. 21 we have only shewn that 
6 ——. @ 
cos —+,/ —1 sin— 
q v q 
is one of the values of 


1 
(cos 04+ 7 —1sin 6)?. 
The other values may be easily obtained. For 


“ te 
(cos 0+V—1 sin 0)? = [cos (2nm + 0) + f—I1 sin (2nr+ 6)]!, 
where n is any integer, and one of the values of the latter 
quantity is 
cos + p + /—1sin _ g ; 
By giving n the successive values 0, 1, 2, 3,... (q—1) 
we see that each of the quantities 


cos a1 ae 
q q 
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cos <=" ° + J/-1 sin ae 0 


cos Fe g +,/— 1 sin oS e 


@ecccessece @eveee eevsce @vececesecs 


is equal to one of the values of 


1 
(cos 6+ ,/—1sin 6)’. 


The highest value that we need assign to  isq—1; 
for the values g, ¢+1, ¢+ 2,... will be found to give the 
same result as the values 0, 1, 2.,.... ; 

Also no two of the quantities (1) will be the same. 
For all the angles involved therein differ from one another 
by less than 27 and no two angles, differing by less than 
_Qqr, have their cosines the same and also their sines the 
same. 

To sum up; By giving to n the successive values 
0, 1, 2,...q—1 in the expression 


cam +0 
qd 


nk: 9 
ee ark wns 


co 


we obtain q, and only gq, different values for 
- 
(cos 0+,/ —1 sin 0)!. 
24. By the use of the last article we can now obtain 


trigonometrical expressions for any root of a quantity 
which is of the form #+ yt. 
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For we proved in Art. 20 that 
a +yt= p [cos (2nr +0) +,/ —1 sin (2n7 + 6)], 


where p=+/a+ y3, 
and @ is such that 
x : y 
cos 0=-— and sin @=%, 
p p 


Hence 
1 


2 
(2+ yi)? =p! cos aie f +J/—1sin = | ; 


By giving n in succession the values 0, 1, 2,... g—1, 
we obtain the q required roots. 


25, Ex.1. Find the values of 


(cos 5 + /=1sin ae 


We have 


(cos + J =Isin a [ eos (aun +3 3)+ re re 1sin (2nr+3) ff, 


where n is any integer, 


2nr or 
=008 (77 +B)tv= isin (7 +75): 


Giving n in succession the values 0, 1, 2, and 3 we have ag our answers 
the quantities 


cos 5+ n/—1 Tain 7, cos 72 ede AT | Isin /* 


122 
cos aay J/=1sin ee and cos - 9 vol ee 
2’ =e sin —— I: 


The student will note that the value n=4 will not give us an additional 
value. For it gives 


7 —. 
cos (20435) +9/—Hoin (2-435), 
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which is the same as COS pt J = isin = 5 ; 


and this is the first of the quantities already found. Similarly the values 


n=5, n=6, and n=7 would only give respectively the remaining three 
quantities, and so on. 


Ex. 2. Find all the values of (- 1). 
Since cos r= —1, and sinr=0, 
we have (-1)8=(cosw+a/—1sinz)? 
=[cos (Qn +m) +/—1 ain (2nr+m)]! 
=CO0s aes naa sin +", 


Giving n the values 0, 1, and 2, the required values are 
cos 5 ih ed See Ye 3 cosm+ J/=1sin 7, and cos ae J -1sin oe 


é iz,/-8 1-,/-8 
$.6. ee —1, and a 
Ex. 8. Solve the equation 2° —25+4a4-1=0. 
The equation is (25 +1) (a#-—1)=0. 
Taking the first factor, we have 


a= = ey ified J —1sin (2r+1) 2, 


2r + 1s 
s + A f= 1 sin 
Giving r the values 0, 1, 2, 3, 4 successively we have as solutions 


cos 36°-+ a/—18in 36°, cos 108°+ 4/ — 1 sin 108°, cos 180°+ . /=Tsin 180°, 
cos 252° + ./— 1 sin 252°, 
and cos 324°+ ,/—1 sin 324°. 


Taking the second factor, we have 
at=1=cos 2nr+,/—1sin 2nz, 


so that c= jethe 


so that a= cos + inf 1 sin ~ a! 

Giving n the values 0, 1, 2, and 3 we have as solutions 1, xf pues e 
and — a =i. 

Hence all the roots are known. 
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EXAMPLES. - IIL. 


Find all the values of 


1 it. a, (-1)b. 3. (-at. 

4, (-1), 5. +/—1)t. 6. ew! =3)". 

7. (-J-a 8 W/8tN-1)8 9, W8- =D) 

10. 162. 11, 32%, 12, (1+ /=8)4(1- ./—3). 
13. Simplify (cos ee sin +) 


and express the results in a form free from trigonometrical expressions, 
14, Find the continued product of the four values of 
(cons +i sing )*. 
3 3 
15, Prove that the roots of the equation 7+1125-1=0 are 


= [ cos om isin |. 


5 
16. Solve the equation z12—1=0 and find which of its roots satisfy 
the equation af+2?+1=0, 
Solve the equations 
17. 27+1=0. 18. 27 +24+2341=0 
19. Prove that Na+bit avi 


has n real values and find those of 
——<——S—S—— _ 3 
he 3 ee lee 
20. Prove that the n nth roots of unity form a series in a.p. 


21, Find the seven 7th roots of unity and prove that the sum of their 


nth powers always vanishes unless n be a multiple of 7, n being an integer, 
and that then the sum is 7. 


26. Binomial Theorem for Complex Quantities. 
It is known that for any real values of n and z, provided 
that z be less than unity, we have 


(1 +apalines 2 OH) py mr—Iin—2) 


LORS a+... 


eet 
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When z is complex (=2+ y V —1) and n is a positive 
integer, the ordinary proof applies and the theorem (1) is 
still true. 

When z is complex, and n is a fraction or negative, it 
can be shewn that 

1+nz ee z 
is one of the values of (1+ 2)", provided that the modulus 
of z, t.e. /a? + 7, is less than unity. When this modulus 
is equal to unity, the theorem is only true (1) when 1 is 
positive, and (2) when n is a negative proper fraction and 
z is not equal to —1. 

The proof is difficult and beyond the range of the 
present book. We shall therefore assume the result. 
The student may hereafter refer to Hobson’s T'rigo- 
nometry, Arts, 211 and 212, or Chrystal’s Algebra, Vol. IL, 
page 262. 


CHAPTER III. 


EXPANSIONS OF sinn@ AND cosn@. SERIES FOR sin 0 
AND cos @ IN POWERS OF @. 


27. By the use of De Moivre’s Theorem we can 
obtain the expansion of cosn@ and sinn@ in terms of the 
trigonometrical functions of 0. 

For we have 

cos nO + isin nO = (cos 6 + tsin 6)", 

Since 7 18 a positive integer, the Binomial Theorem 
holds for (cos 6 +7 sin 6)". 

Hence, by expanding, we have 


cos nO + tsin n@ =cos"6 +n cos" 6.74 sin 8 


—1 ak —1)(n-2 ae 

+ “o) cos”? @ asin? + oe eogt-*6.itsint@ ead 
Hence, since 
e=—], @=-7, =], =7,,., 

we have 

cos nO +7 sin nO =cos"O— — cos” @ sin? 8 

n(n—1 —2)(n—3 : 

as ( a = ps ) cogn—4 6 sin‘ 0+... 
+4 E cos®—! @ sin 6 — pare cos" @ sin? 9 +. 4 “ 
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By equating real and imaginary parts, we have 


cos nO = cos” 6 — — cos”*@ sin?O +... ... (1), 
and 


sin 26 = n cos" @ sin 6 ae D2) cos" @ sin? 8 


jE pe 
pe Dee =4) cos" *@ sin'@—....., (2). 


The terms in each of these series are alternately 
positive and negative. Also each series continues till one 
of the factors in the numerator is zero and then ceases, 


28. From equations (1) and (2) of the last article 
we have, by division, 


ncos"—! @ sin § — 


cos*—3 ¢ sin? 0 +...... 


n(n —1) (n— 2)(n—3) 
1.2.3.4 


n(n—1) (n—2) 
1.2.3 


cos” 6 — 


=e cos"? @ sin? 6 + 


cos"—*@sin4@...... 


Divide the numerator and denominator of the right- 
hand member of this equation by cos” 0, and we have 


tan n6 = 
tan eas ant94 8 DODO DO innrg 
ye Bs eencecese 
2G. =D ENED EH, 


tat Baan 


29, The values for cos n@ and sin nd in Art. 27 may also be obtained, 
by Induction, without the use of imaginary quantities. 


For assume (1) and (2) to be true for any value of n. Then, since 


Gos (n+ 1) @=cos né cos 6 — sin nd sin 0, 
tow, i 3 
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we obtain the value of cos (n+1) 4, which, after rearrangement, is found 
to be obtained from (1) by changing n into (n+1). 

Similarly for sin (n +1) 0. 

Hence, if the formul# (1) and (2) are true for one value of n, they are 
true for the next greater value. 

But it is easy to shew that they are true for the values n=2 and n=3. 
Hence, by Induction, they can be proved to be true for all values of n. 


30. From De Moivre’s Theorem may be deduced 
expressions for the sine, cosine and tangent of the sum of 
any number of unequal angles in terms of the tangents of 
these angles. 
For we have 


cos(at+B+y+...)+isin(a+B+y+...) 
= (cos a+tsin a) (cos 8 + tsin 8) (cosy +74 sin y)...(1). 
Now cosa+?sin a=cosa[1+7 tana], 


cos 8+isin 8 =cos 8 (1 +7 tan B), 


Hence (1) may be written 
cos(a+B+y+...)+¢sin(at+B+y+...) 
=cosacos 8 cosy...(1 +7 tan a) (1 +47 tan 8) (1 +7 tany)... 
=cosacosPcosy...[1+7(tana+ tan B+ tany+...) 
+2? (tan atan 8 + tan 8 tany+...) 
+7(tanatan Stany+tan 6 tanytan6...) 


Using the notation of Art. 125 (Part L), this equation 
may be written 


cos(a+B+y+...)+isn(at+B+y+...) 


= cos acos 8 cosy... [1+ ts, — 8 — %8, + S + 18; — 8... ]- 


EXPANSIONS OF SIN nO AND COS né, 85 


Hence equating real and imaginary parts, we have 
sin(a+B+y¥...)=cos a cosBcos x... ['8; — 53+ 55— & ssafees(o)y 
and — 
cos(a+ B+y...)=cosacos 8 cos y...(1 — 8 + 84 —54...)...(4). 

Hence, by division, 

Sy — Sg +5, — Sz... 
tan (a+ P+y+...) ce Eee re(5), 

The signs in the expressions on the right hand of (3) 
and (4) are alternately positive and negative. 

The relation (5) was shewn, by Induction, to be true 
in Part I, Art. 125. 


31. Ex. Prove that the equation 
a? cos? 0 + b* sin? 0+ 2ga cos 6+ 2fb sin6+ c=0 
has 4 roots, and that the sum of the values of 0 which satisfy it is an even 
multiple of x radians, 


* 0 
Let ¢ = tan 3 . 
2 tan 8 1- tan? 
Then since (Art, 109, Part I.), sin @= and cos 0= 3° 
1+ tan’; 1+ tan? 5 


the equation above becomes 


2 
(ize) + (Fa) +S + ler. ah ae 
or, on reduction and simplification, 
#4 (a? — 2ga +c) + 4f bt? + t? (4b2— 2a? + 2c) + 4fbt+a?+2ga+ce=0......(1). 
This is an equation having 4 roots. 


Also s,=sum of the roots= — wen ’ 
s,=sum taken two ata time =“ rete 
s,=sum taken three at a time= — wee ’ 
and s,=sum taken four at a time= ae 


38—2 
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Since s,=8, it follows, by the last article, that 
tan (terol *) =—1—*8_ _0Q=tannz, 
2 1—s8,+ 8, 
[The denominator 1—s,+8, does not vanish unless a?=b7.] 
*. 0, +6,+ 63+ 6,=2.nm radians 
=an even multiple of w radians. 

[The student who is acquainted with Analytical Geometry will see that 
this is a solution of the problem ‘If a circle and an ellipse intersect in 
four points, prove that the sum of the eccentric angles of the four points 
is equal to an even multiple of two right angles.”] 


EXAMPLES. IV. 
Prove that 


1, cos 4¢=cos* 6 — 6 cos? 6 sin? 6+ sin‘ 6, 
9. #sin6@=6cos* 6 sin 6 — 20 cos? 6 sin? 6+ 6 cos @ sind 6, 
3, sin 70=7 cos® 6 sin 6 — 35 cos‘ 6 sin’ 6 +21 cos? 4 sin® @ — sin’ 6. 
4, cos 99=cos? @ — 36 cos’ @ sin? 6 + 126 cos® 6 sin4 0 

— 84 cos? 6 sin’ 6 + 9 cos @ sin® 6. 
5, cos 80=cos® 6 — 28 cos® @ sin? 6 + 70 cos‘ 6 sin* 6 


— 28 cos? 6 sin® 6 + sin8 6. 
Write down, in terms of tan 6, the values of 
6. tan 56. 7, tan7é. 8, tan 96. 


9. Prove that the last terms in the expressions for cos11@ and 
sin 110 are 
-11 cos @ sin!’ @ and —sin" 9, 
10. Prove that the last terms in the expressions for sin 8@ and sin 96 
are —8cos sin’ @ and sin? 6 respectively. 
11. When n is odd, prove that the last terms in the expansions of 
sin nO and cos né are respectively 
n=l n=l 
(-1) ? sin™@ and n(-1) ? cos 6 gin", 
12. When n is even, prove that the last terms in the expansion of 
sin n@ and cos n@ are respectively 
n-2 n 
n(—1) *? cos@sin"-1@ and (—1)*sin" 9, 
13, Ifa, B, and + be the roots of the equation 
e+ px?+qr+p=0, 
prove that tan-1 a+ tan 8+ tan! y=mn7 radians 
except in one particular case. 
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14, Prove that the equation 
sin 306=asin 6+bcos0+e : 

has six roots and that the sum of the six values of 6, which satisfy it, is 
equal to an odd multiple of w radians. 

15, Prove that the equation 

ah sec 6 — bk cosec @=a2— b? 

has four roots, and that the sum of the four values of 8, which satisfy it, 
is equal to an odd multiple of w radians. 

16. If 6,, 63, 63 be three values of @ which satisfy the equation 

tan 20=) tan (0+a), 


and such that no two of them differ bya multiple of 7, show that 
61+ 6,+63+a is a multiple of x, 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
SERIES OF ASCENDING POWERS OF THE ANGLE, 


32. As in Art. 27 we have 


cos n6 = cos” 6 — Se cos”—? @ sin? 8 
ee @ sin‘ 0 —.... 


Put n@=a, and we have 


a (5 ae 1) 
9\8 
cos a = cos” 6 — cos”-? @ sin? 6 


eZ 
He) (=) (ae arte 
= cos" 0 — — 0 org (SE) 


9) (a—26) (4-38) | ng (nt gy, 
pecka= aa cos 6(=5-) Be sa) 
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In equation (1) make @ indefinitely small, a remaining 
constant and therefore n becoming indefinitely great. 

Then a is, in the limit, equal to unity and so is 
= °) . (Art, 18.) 

Also cos @ is, in the limit, equal to unity and so also is 
every power of cos @. (Art. 14.) 

Hence (1) becomes 


every power of ( 


2 4 6 
coos asd oe oe ee. inf. 


[2° [4. [8 

te ae [Cf Art. 16.] 
33. To expand sin a in terms of a. 
As in Art. 27, we have 


sin n6 =n cos" @ sin 6 — aes cos"—*@ sin*@ +.... 


As before put 1? =a, and we have 


ala -1) (6-2) 


= a “ a 
sin a= 7 cos"=. 6 sin 6 re cos"—-* @ sin? @ 


1.2.3 
G-0G-96-95-4 
ne g g 6 @ n—5 Q in @ 
— dD 3) 4 sin +... 


in 0 —0)(a—2 i 
-ecasa (Se) 2H rag (50) 
As in the last article make @ indefinitely small, keeping 
a finite, and we have 
‘ a’ atphas : 
eats Ts ise (7* ... ad inf, 
a, eS [Cf Art. 16.] 
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34. There is no series, proceeding according to a 
simple law, for the expansion of tan@ in terms of @, 
similar to those of Arts. 32 and 33. 


We shall find the series for tan @ as far as the term 
involving 65, 


ee ees 

ee ante Eb 
cos 6 1_ 624 

ze 


by the Binomial Theorem, 


[, o. # 2 OBS 
=(0-F4a55--~) [1+ 9- o4,°* aed ap 


neglecting @ and higher powers of 0, 


6 e8 
=(0-F+359-~-) (1 +o tah) 
eo 2 


=04+5+75% 


on reduction and neglecting powers of @ above 6. 

A similar method would give the series for tan @ to 
as many terms as we please. The method however soon 
becomes very cumbrous and troublesome. 


35. In Arts. 32 and 383 we tacitly assumed that a 
was equal to the number of radians in the angle con- 
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sidered. For, unless this be the case, the limit of = eg is 


not unity when @ is made indefinitely small. 


When the angle is expressed in degrees we proceed as 
follows. 


Let a° = x radians, so that 


phate ho 
180 wr’ 
Ths 
and hence c= 0% 
Then cos a° = cos a 
2122 ees 
2 |4 6 eee 


1 wa? 1 gat 1 was : 
So also 


ae i) 
iS bee 


_ Tee SN ma? di f. 
= 180 B (iso 3 (fgg) — 8 "e 


sin a° = sin 2° = # — 


36. Sines and cosines of small angles. The 


series of Arts. 32 and 33 may be used to find the sincs 
and cosines of small angles, 


For example, let us find the values of sin 10” and 
cos 10”. 


Since 10” = Can x iz) radians 


eed i 
= (64500 
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we have 
: ? 1 ine Jl 1. \5 
sn da) flea 
Be T= Ga800 E orn u [5 \64800) ~ °° 
1 wr \2 I ie WG 
and 104s 1 <am06) pes samo) ~ 
oe 2 Gin ar Gua af 
iD 
Now 64800 > 000048481368..., 
7 2 
(Gan) = 0000000023504..., 
7 3 
mad (sas0) = -000000000000113928.... 


Hence, to twelve places of decimals, we have 
sin 10” = 000048481368, ° 


__ 0000000023504 
2 


= 1 —*000000001175 
= ‘999999998825. 


and cos 10” =1 


37. Approximate value of the root of an 
equation. ‘The series of Art. 33 may also be used to 
find an approximate value of the root of an equation. 
The method will be best shewn by examples. 


sind 1349 


= 1350 PTove that the angle 0 is very nearly equal to 


Ex.1. If 


1 Z 
5°” radian. 
' . sin é 
We know that, the smaller @ is, the more nearly is vi equal to 


unity. Conversely in our case we see that 6 is small. 
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In the series for sin @ (Art. 33) let us omit the powers of 6 above the 
third, and we have 


Es 
CA eee 
6  1850°~, 1850° 
2 je ee 
; 1350 225 


Hence 6= S , 80 that the angle is 7 of a radian nearly. 


If we desire a nearer approximation, we take the series for sin @ and 
omit powers above the 5th. We then have 


plaka 
pte 4 
0 "sk 850° 
120 20 
is gi a =- = - =e 
This gives 64 — 2062 1350 995 


Henee, by solving, 
./22480 _ 150 - 149-933312... _ -066688 


Phe = 
aa at is 2 15 15 
_ 1:00032 
aL hig ° 
100016... 
=F radian. 
This differs from the first approximation by about a part. 


Ex. 2. Solve approximately the equation 


cos (F + 0) =*49, 


Since :49 is very nearly equal to % which is the value of cos = it 


follows that @ must be small. 
The equation may be written 


1 V3. ree 
9 008 6- “9 Sin = 49=5 - OQ oerrereeteetseeeees (AL). 


For a first approximation omit squares and higher powers of 6. By 
Art, 33 this equation then becomes 


epee he 


a 
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so that 
2 1 2/3 _ 3-4641... 


6="3 00-300 300 


='011547... radian. 


For a still nearer approximation, omit cubes and higher powers of 0. 
The equation (1) then becomes : 


1 (1-8) Bonk shy 
2 2 Je aate 100" 
te. #42./30= 55, 


0° 
& O=—-/3+ »/804 _ 9115086... radian. 


The first approximation is therefore correct to 4 places of decimals. 

The angle @ is therefore very nearly equal to *0115 radian, t.e. to 
about 40’. 

The accurate answer is found, from the tables, to be -0115075... 
radian. 


38. Evaluation of quantities apparently inde- 
terminate. We often have to obtain the value of quan- 
tities which are apparently indeterminate. 

Suppose we required the value of the expression 

3 sin 0 —sin 30 
6 (cos @ — cos 30)’ 


when @ is zero. 
If we substitute the value 0 for 0, we have 


0-0 


0x 0’ 


which is apparently indeterminate. 
The expression however, for all values of 0, 


_ 3sind—-@ sinO—4sin?@) _ 4 sin? 
— @ {cos 6 — (4 cos*@ — 8 cos 6)} 8 {4 cos O — 4 cos® 0} 
sin’d sin 0 1 sin 0 


Deaiae aes) coat 0 
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Now, the smaller @ is, the more nearly do both 


1 sin @ 
cos 8 Nt 
approach to unity. Hence, when 6 approaches the limit 
zero, the given expression approaches the limit 1 x 1, ie. 1, 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 
that the expression is “at first sight” indeterminate. 


39. In many cases the real value is very easily 
found by using the series for sin 6 and cos 6. The method 
is shewn in the following examples, of the first of which 
the example in the preceding article is a particular case. 


Ex. 1. Find the value of 


n sin @—sinné 


—___________ when 6 is zero. 
@(cosd—cosnd) Sea 


The expression 


sere a — a = 


7B 68 — — 65+ higher powers of 0 


m1 m1 
6 [ Bz 62 — TE 64+ higher powers of @ 


Wn nv 
asco Ae ” @ +higher powers 
“m1 m1 : 
Cea es 


When @ is zero, this expression 


n—-n,n?-1 n 


BBS 


= 
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Ex. 2. Find the value, when x is zero, of the expression 
cosx—log.(1+«)+sinz-1 


e* —(1+2) i 
Since log, Sat acai 


and et= Toe . (Arts. 5 and 8), 


2 +i aioe 
this expression 


(oie) - (tose) (Br) 
(He+b+ 5 + B +. )=(1+2) 


Crna 
“BP +higher powersof 2 — Bt Powers of z 


ea +higher powers of « = + powers of « 
P EB 


When z is zero, this latter expression 


0 
=e 


Ex. 3. Find the value, when x is zero, of 
1 


tanz\e 
2 e 
When z is zero, this expression is of the form (5) . 
1 


a8 2 
i ay +... 
But it also a = ) (Art. 34). 
Now, by Art. 2, Cor., the value of 
23\ A 
(a fe 3 


is e, when «x is zero. 
a 


Hence the expression =e8 =e°=1, 
The value of the expression may be also found by finding the value of 
its logarithm. 
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EXAMPLES. V. 


sin@ 1013 
1. If 9 ~ 1014’ 


prove that 6 is the number of radians in 4° 24’ nearly. 


sin@ 863 
rai es “9 ~ 864" 
prove that 6 is equal to 4° 47’ nearly. 
sin@ 5045 
ie “@ ~ 5046? 


prove that the angle @ is 1° 58’ nearly. 


sin@ 2165 
a1 @ ~ 2166’ 
prove that @ is equal to 3° 1’ nearly. 
sin@ 19493 
oma “@ 19494" 
prove that @ is equal to 1° nearly. 
1 
Galt tan O=75 rn 


find an approximate value for 0. 


Find the value, when z is zero, of the expressions 


@—sing x? sin az 

7. come 8 1—cos mz" 9. sin ba” 
10 tan &— sin & rfl tan 2a —2sinz versin az 

: sin? 5 a8 versin bz* 
13 msin x— sin ma 14 a? sin az — b? sin ba 

"  m (cos & — cos mz) * " b'tan ax —a*tan ba" 
15 b? sin? ax — a? sin? ba 16 x log, (1+2) 

* 6? tan? ae — a? tan2b2° ; 1l-—cosz 
17 e*—1+log,(1-«) 18 +2 sin #—sin 3x 

: sin? x ‘ o#+tane—tan 2x ° 

sin 2+ sin 62 — 7x sin? nz — sin?max 

19, ———_;——_.. 20. 


a ern” 
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21 = sing e*—e-% i 2 | 29, sin? ./mna —sinma sin ne 
* atl 2a - *  (L=cos mx) (1—cosnz) * 
93. 3 sin a—sin 3x 


2—sin x 


2 
(sin 2—2sin 5) +(1-cos x)8 
24. sn 
: F Fee eee: es 
min 2 sin te Scote ain? — = ain’ 


8 
e_ He ad 
25.2". 28. (“2*). 
£ 
"= 
a (cos ar sin =) “ 
™m m 
Find the value, when x equals 3 of 
(cos « +sin 2x + cos 3x)? 
3. -—, 5-53: 
* (sing +2 cos 2a — sin 3x) 
29, (sin Po aa 830. seca—tan x, 


Find the value, when n is infinite, of 
a\n ae \nt a \n® 
Cae (cos 5) P 32. ( cos 5) . 33. (cos 4) . 


84. If n be >1and 0=5 nearly, prove that (sin 8)" is very nearly 


|= 


equal to 
(n—1)+(n+1) sin@ 
(n+1)+(n-1) sin 0° 


35. In the limit, when B=a, prove that 
asin 8—Bsina 
acosB-—Bcosa 


36. Prove that 


= tan (a- tana), 


and deduce that in a triangle ABC, in which C is a right angle and CA is 
five times CB, the angle A exceeds the eighth part of a right angle by 
3’ 36”, correct to the nearest second. 
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37, Find a and b so that the expression asin 2+bsin 2” may be as 
close an approximation as possible to the number of radians in the angle 
z, when « is small. 

88. If y= -esin x, where e is very small, prove that 

LP el (acy one 
tan 5=tan > € é+e* gin’ 5) 
and that 


ee y 2 anat Y 
tan 5=tan 5 (14e+e cos 4) 


where powers of e above the second are neglected. 


39. If in the equation sin (w—@)=sin w cosa, 6 be very small, prove 
that its approximate value is 


2 tan w sin? (a — tan? w sin? 5) : 


40. If ¢ be known by means of sin ¢ to be an angle not > 15°, prove 
that its value differs from the fraction 
28 sin 26+sin 4g 
12 (3+2 cos 29) 
by less than the number of radians in 1’, 


40. Ex. Prove that the roots of the equation 


828 — 493 4g Orne ccsccccectosecatereee (1) 

are coe = , cos = » and co, 
and hence that cons + cos = +08 = eRe abe. (2) 
cos 7 cos = + coe cos + 008% cos a ‘saieaieae (3) 
and cos ; cos = cos or = Spobcnecagboreaceouaastel Ge 


First Method. Let y=cos @+isin 6, where 6 has either of the values 


tn Be Or Ue | 180 
i 7-9 eee 7 

Then y’=cos 70+% sin 70= —1, 
i.e. (y+) (y8—y>+y*-y8+y?-yt1)= 


Now the root y= —1 corresponds to the value @=7. 
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The roots of the equation 
yS— y+ yt — y8 + y2—YtLHO ....cscccccsssseeeees (5) 
are therefore cos @+isin 6, where 6 has either of the values 
cl 3a 5a On llr 137 
/ ed I OA Boer BA Deeg 2 
1 
cos 6+7 sin 0 
=cos +7 sin @+cos @—i sin 0=2 cos 0, 


1 1\2 
so that yt is = (v+5) Oey ee em 


and p+a=(y+i ) {v5 =) -3} = bt Ge. 


On dividing equation (5) by y* it becomes 


fa = (+5) + (v+;)- = 
y® y? y 


Put 2emy +7 =cos 6+isin 0+ 


ee. 825 — 42? —474+1=0...:.... Se scepersanase sess (6). 

The roots of this equation are 

cos, cos ce cos — Ze cos ek ous pee 
7’ ye CW 7 7 7 
Since cos he * , ¢0s oe dol 
i aie 7 ie 
and cos PS dal o 
7 “ 


the roots of (6) are therefore 


cos ~ wee and ie 
ge ie Te 


We then have 


cos Bag OP et eee 
7 7 (Eye 
30 3a bar w 4 1 
eos F SOs a tee Ei 5 es F008 7 = oe oe 
3ar ba 1 
and cos = G08 =, 008 = — 5+ 


Second Method. The equation 
GOW tt SING) elses ceeisvevesccealow evs AC )s 
i.e. cos 76+isin 70=—-1 


ioe AOR 4 
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is clearly satisfied when @ has either of the values 
w 32 dr 9x Ilr 134 
een oti he its, ec 
Writing ¢ for cos @ and « for sin @, the equation (7), on being ex- 
panded by the Binomial Theorem, becomes 
cf + 7ic% — 2105s? — 85ic4s® + 35c8s4 + 21ic%s® — 7cs6 — is? = —1, 
Equating the real parts on each side, we have 
ec? — 21c5s? + 35c8s4 — Tcs'= —1, 
Putting s?=1-c?, we see that the cosine of each of the angles (8) 
satisfies the equation 


cee ae 


64c7 — 112c5 + 56c8 — Fo +1=0......cccceccoceccece (9), 
i.e. (c+1) {808 — 4c? -— 4¢4+1}2=0 .......cccccccecceone (10). 
But 
cos m= —1, cos a cos atc edel and cos oF Sean 
: a Te 7 7 7 Te 
so that the roots of (10) are —1 and cos 7 » COs = » and cos *, the 


latter three being twice repeated. 


bad and 005 
7 7 


8c3 — 4c? - 4¢+1=0, 
But this is equation (6). 


wT 
Hence cos—, cos 


7 are the roots of the equation 


Tho equation (9) may also be obtained by putting n=7 in equation (2) 
of Art. 49, which is in the next chapter. 


Third Method. When only a small number of angles are introduced 
the equation (6) may be easily obtained without using imaginary quan- 
tities. 

Let 6 denote any of the angles (8). 

Then 70=an odd multiple of x. 

. CoS 40 = — cos 30, 
i.e. if cos@=c, we have 
2 {2c?-1}8_1= — {4c3_ 3c}, 
i.e, 8c4 — 8c2++ 1 = 3c — 4c8, 
1.€ 8c* + 4c3 — 8c? - 8¢ +1=0, 
i.é. (c +1) (8c? - 4c2— 4c +1) =0. 
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Hence as in the Second Method the roots of 
8c3 — i 4c+1=0 


bar 
are si 
ost, cos 2 = » and cos T° 


41. From the preceding article we can obtain an equation giving 


3 5 
sect, geo? and seo. 


In equation (6) of that article put aay, and therefore s=——. 


Se 


then follows that the quantities 
T 3a 5 
sec? 7 sec? 7 and sec? 7 
are the roots of the equation 
ul : 4 


= — = = = + l=0,; 
rn vy 

or, on rationalizing, 
= 28g? + BOY — CLO eo cscasccensesseceseees (1): 


Again, putting y=1+2z, then, since sec?6=1+ tan?9@, it follows that 
7? tan? * > and tan? = 
are the roots of the equation 
(1+.2)8— 24 (1+z)?+80 (1+z)-64=0, 
ie. Be Beta She 7 Oe, 1 ps.cbacasaccesors>soe (2): 
The equation (2) may be easily obtained directly. 
For, if @ stand for either of the angles 
w 20 30 47 Sr 6r 


tan? = 


eg IRR a amma 
then tan 70=0, 
t.e, by Art. 30, 
Wt—7C,. 8+7C,.t°—7C,t7=0, 
or 7 — 21+ 353 —7t=0, 
1.€. t {t8 — 2144 3507 — 7} =O ...... cee ceseeevees (3). 
But 

69r 5a Qa dor 30 

tan 7=0, tan = ~tan 7, ta tan . = —tan 7 and tan 7 = ~tan=- 


4—2 
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The roots of (3) are therefore 
7 3a br 
0, + tan 5 5 +tan— and +tan 7" 
Hence, putting t?=z, the quantities 
7 3 Or 
tan? 7? tan? = , and tan? 7 
are the roots of (2). 


EXAMPLES. VL 
]1, Prove that 


2Qr 4a 67 87r 
(=- 2 cos 5) (2-200 =) (2-208) (2-2 cos 3) 
= 744+ 2a3 — 2? -—22+1. 
9. Prove that the roots of the equation 


822+ 422-42 —1=0 are be Wa and pa a 


7 ie 7 
Toe dor a OF ; 
38. Prove that sin 7 sin 7 and sin 7 are the roots of the equation 
s_N7 12 +Mi= 
ATES ed 
Prove that 
it 1 1 
= REL oe oF oe 
7 1! 7 
Qa 30 4n 19 
ao ce (hake Vel Ree 
5, cos 9 t cos 9 + GOs 9 + cos 9 ~ 16° 
6. sect a + sect = + sect x + sect 21120. 
3 53 
Ue cos + cos ait GOs Tit cos 4 cos 2 = = 
8. Form the equation whose roots are 
ana 22m 2 37 24 5 
tan ii? tan ii’ tan’ li’ tan’ i and tan? — ii’ 


[Commence with equation (3) of Art. 30.) 


(Exs. VIL] EXAMPLES, 


Prove that 

9. cot? = nt cot? = + cot? = +cot? = f cot? = =15, 
10. sec? a + sec* 2 + sec ae + sec? a + sec? — iT =60, 
11, co sf + cos 2 + cos “ee = : : 

12. cos ae + cos as + cos ar = ae 1. 

13. co S75 + cosa Tr +008 AF 4-003 ="s 


14. Prove that sin Hi is a root of the equation 


6426 — 8024+ 242?-1=0, 
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CHAPTER IV. 


EXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 
AND OF POWERS OF SINES AND COSINES, 


[On a first reading of the subject the student is recommended 
to omit from the beginning of Art. 48 to the end of the chapter.] 


42. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to 
express cosines and sines of multiple angles in terms of 
powers of cosines and sines. 


Throughout the chapter n denotes a positive integer. 


43. Let a=cos@+7sin 0, so that 
iL 1 cos 86 —7 sin 8 


iE cog Ofna Owe cone = cos 6 —7sin 0. 


Hence a+ * = 2 cos 0, 


and pp: 27 sin 0, 
x 


Also, by De Moivre’s Theorem, we have 
x” = cos nO +7sin n0, 


1 ° 
and — = cos né —7 sin nO, 
x 
1 
so that xa” + — =2 cos n8, 
x 


and a” — z = 27 sin nO, 
“ 
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44. To expand cos"@ in a series of cosines of multiples 
of 0, n being a positive integer. 
From the previous article we have 


(2 cos 0)* = (« + =) 


Pt ee at ge 
aw” + Nx 1.2 ae 
n(n —1) i 1 1 

+ 1.2 Ds na TMs great ga 


=a" + nana 4 UAE GOP eas 
n(n—1) 1 Ne 1 
+ 1 oF gine ve fe ae €). 
Taking together the first and last. of these terms, the 
second and next to last, and so on, we have 


me — nm 1 n—2 1 
(2 cos @) =(2 +g) +n(2 4 =) 


igi ae aa) 
+ 1.2 (2 Oe eas => oes 


But by the last article we have 


1 1 
a” + — = 2 cosnd, Wei 2 centre 2) Owe 


Hence 
2" cos” 9 = 2 cos nO +n.2 cos (n — 2) 0 
n (n—1) 
ea 755 .2cos(n —4) 0+ .....- : 


ie. 2" cos® 6 =cos nO +n cos (n — 2) 8 
ae — cos (n—4) O+ 2. vee (2). 
If n be odd, there are an even number of terms on the 
right- hand side of (1), so that the terms take together in 
pairs and the last term contains cos a. 
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If n be even, there are an odd number of terms on the 
right-hand side of (1), so that after all the possible pairs 
have been taken there is a term left not containing a. 
This term will, when divided by 2, form the last term on 
the right-hand of (2). 


n 
Ii could easily be shewn that the last term is sates cos 6 if n be 


E 2 
(3) 


45, Ex.1. Expand cos* 6 in a series of cosines of multiples of 0. 


if n be even. 


1 
odd, and 3 


8 

We have (2 cos 6)8= (« +5) 
= 284 8754 28244 5622+ 70456 1 98 1.3 Late 
“2 “gh * 6" 98 


1 1 1 1 
— 5 Jes Ua a as Sis y yee See 
= € +5) +8 (+5) +28 (+3) +56 (« +3) +70 
=2.cos 8648.2 cos 66+ 28.2 cos 404+56. 2 cog 26+70, 
27 cos® @ = cos 86 + 8 cos 60 + 28 cos 40 +56 cos 26 + 35. 
Ex. 2. Expand cos’ @ in a series of cosines of multiples of @. 
7 
We have (2 cos 6)7= («+2) 
1 


, al pew 
=27 25491 — a pe ae 
a +7, 254 21934352435 zt mrs eae, 


1 1 1 1 

Pa CP pian 5 Biel = 
€ +3) +7(c +3) +21(2 +3) +85 (=+ 5) 
=2.cos70+7. 2 cos 56+21. 2 cos 30435. 2.cos 6, 
28 cos’? 0=cos 76 +7 cos 50+ 21 cos 30+35 cos 6, 


46. To express sin” @ in a series of cosines or sines of 
multiples of 6 according as n is an even or odd integer. 
By Art. 43 we have 


> 


27 sin Gap 
x 


so that Br imsin” B= (w— 2)" oss sseseee (I) 


a, 
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Case I. Let n be even, so that the last term in the 
expansion is 


ee Aand See 
i : 
The equation (1) is therefore 
oe ope el Voll 1 Pee 
27(—1)? sin” 0 = a” — na pL as er erie 4G teeee : 
ata 1)... 1 hol é 
+ 1.2 rr aL wecees (2) 


1 2 1 n(n—1)/ ,_ 1 
= (e+ 3)—n (ett ga) + Te a esl 


as in Art. 44. 
-, 2° (— 1)? sin” 0 =cos nO — n cos (n — 2) 0 
n(n —1) 
Pier COS (n—4)0— ... «..(3). 


Since n is even, there are an odd number of terms in 
(2), so that there will be a middle term which does not 
contain z This term, on being divided by 2, will be the 


last term in equation (8). 


This last term could easily be shewn to be 3(- 1) 


Case II. Let 7 be odd, so that the last term in the 
expansion (1) will be 
n-1 


Benen it = 1(—1) ©. 
rie 
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The equation (1) then becomes 


n-1 1 1 
2 §.(21) 7 sin Omar — nat, 24 2OKD goa, Z 
n(n—1) 1) i 1 ie 
e@eosee iB [30a a) ; wa a 
1 = 1 n(n—1)/_,_ 1 
=(o"— 5) -n(a +— 55) +"h 7 (@ a” 1). 


Now, by Art. 43, a%— 4 =2isin n6, 


1 ae 
ier C sin (n — 2) 8, 


Hence (4) becomes 
n-1 


27.4.(—1) ? sin®@ = 2Qisin nO —n. 2isin(n— 2)0- 
ee 1) pos ain a 


Ee 
n-1 
so that 27 (—1) 2 aa 
=sinn6 —nsin (n—2) 0+ “G—A) 3 sin (n—4) O—...... 


Since n is in this case odd, there are an even number 
of terms in (4), so that (4) can be divided into pairs of 
terms, and there is no middle term. The last term in (5) 
therefore contains sin 6. 


This last term could easily be shewn to be (- Nick a +1 sin 0. 
ce er 

47, Ex.1. Expand sin® 6 in a series of cosines of multiples of 0. 

We have 2878 gin’ 9 = (« ~ =) 


Ti pees 
=a — 6x44 1529-20415. -6. 545, 
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1 1 1 
t — 26 gin® 6 (i ee =\\ 
so tha 28 gin’ @=( a6+ z)- 6(2 + ) +15(28+) 20 


=2 cos 66-6 .2 cos 46 +15. 2 cos 20 — 20. 
* —25sin® @=cos 66-6 cos 40+15 cos 26-10. 


Ex. 2. Haxpcnd sin’ 0 in a series of sines of multiples of 0. 
7 
We have 27 @7 sin’? @= ( = 5) 


1 1 it 
— 7x5 ; ee mee a Sate rae 
725 +214 852+ 35. — a1.3tl.s a 


=(2"-3)- 7 (2-5 +21( 28-3) ~35 (2-2). 
x @ 
* —27.4.sin’? 0=2isin 70-7. 2isin56+21 . 2i sin 30-35. 2isin 0. 
* —28sin?@=sin 76-7 sin 50+21 sin 36 — 35 sind, 


Ex. 8. Expand cos’ 6 sin’ @ in a series of sines of multiples of 0. 
We have 
1\7 


5 
28 cost 0= (2 + =) » and ar sin? 0 = (, SS \\ 4 
£ x 
- 1\5 1\2 
Hence 2. oos* sin? @= (2-5, ) (2-3) 
2 Ee 


a2 Bat +1028 0 +5, — =| [2-245] 


so )-(e8)-He-Bem(e-3) 


+5 ( ot— a)- 20 (7-3). 
Hence, as before, we have 


— 241 cos® 6 sin? @=sin 126 — 2 sin 100 — 4 sin 80 +10 sin 60 +5 sin 46 


— 20 sin 290. 
EXAMPLES. VIL 
Prove that 
1 an ‘10 [sin 50-6 sin 80-+10ssin 6]. 
9, cos® 6=—. [cos 90+ 9 cos 70 + 36 cos 56 +84 cos 36 +126 cos 6]. 


8 
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8. cos!°é@= 
1 


512 [cos 106 + 10 cos 86 +45 cos 66 + 120 cos 40 + 210 cos 26 + 126]. 


sin’ @= = [cos 86 — 8 cos 66 +28 cos 48 — 56 cos 20 + 35). , 


ha 


sin? = ae [sin 96 — 9 sin 70 + 36 sin 56 — 84 sin 30+ 126 sin 6], 


25 sin4@ cos?@=cos 66 — 2 cos 40 — cos 20+ 2. 
28 gin @ cos? @=sin 76 — 3 sin 56+sin 30+5sin 0. 


— 210 gin3 @ cos? @=sin 116+ 5 sin 99+7 sin 79 —5 sin 50 — 22 sin 30 
—14 sin 0. 


DIP a 


sin nO 
* 
48. To express ay 


in a series of descending 


powers of cos 0. 
If # be <1, we have 
sin 6 


[oS cos Op aa 7 8D 9 + w sin 20 + asin 30 +... 


+0" sin nO +... ad inf. ......... (1). 


This may be shewn by multiplying each side by 
1 — 22 cos 6+ 23, 
when it will be found that the right-hand member will 
reduce to sin 0, 
A more rigorous proof will be found in Chap. VIII. 
Equating coefficients of 2” in (1), we have 
sin n@ 


sin @ 


= coeflicient of z*— in [1 — 2a cos 6 + a?]> 
= coefficient of a” in [1 — a (2 cos 8 — x) | 
= coefficient of 2 in 
1+ @(2cos @—2)+27(2 cos —a#)?4+...... 
+x" (2 cos 0 — x)"-* + a4 (2 cos 8 — #)"— 
+ a” (2 cos 0 — a)" + a” (2 cos 0 — x)" +...... (2). 


BIN n6 
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Now coefficient of 
a” in a” (2 cos @ — x)" = (2 cos 6)", 
coefficient of a in a8 (2. cos 0 — x)" 
= coefficient of x in (2 cos @— x)" 
= —(n— 2) (2 cos 6)", 
coefficient of 2” in a”-* (2. cos 0 — x)" 
= coefficient of a7 in (2 cos 0 — x)" 


= a (2 cos 67-5, 


and so on. 
Hence, from (2), picking out in this manner all the 
coefiicients of a”, we have 
Ese = m1 (n— ns 
ee dee (2 cos 6) (n — 2) (2 cos 6) 


SS oi) (2 cos 6)" 


n-1 


If n be odd, the last term could be proved to be (— oe if n be even, 


2-1 
it could be shewn to be (—1)?. (ncos @). 


**49. To express cosn@ in a series of descending 
powers of cos 0, 


If « be <1, we have 
1—2 


I—22c0s 0+ ; 82 2 =! eee 
1—2¢cos 0+ 2 1 + 2% cos@ + 22% cos 26 + 2a cos 80 + 


ooo + 20" cosn +... ad inf. ...... (1). 
This may be shewn by multiplying both sides by 
1 — 22 cos 6 + 2%, 
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when it will be found that all the terms on the right-hand 
side will reduce to 1 — 2%. 

A more rigorous proof will be found in Chap. VIII. 


Equating coefficients of a on the two sides of (1), we 
have 


2 cos n@ = coefficient of a in (1 — 2*) [1 — 2 cos 8+2°]> 
= coefficient of "— coefficient of 2"—* in 
[1 —2(2cos9—2)|7 
= coefficient of 2 — coefficient of a" in 
1+2(2 cos @— 2) +47(2 cos 0 —a)?+ 
wee + 2" (2. cos 0 — a)" + a4 (2 cos 0— x)" 
+ 2 (2. cos 0 — x)" + x41 (2 cos9— a)" + ;.,, 


Picking out the required coefficients as in the last 
article, starting with the term 


a 2 cos 0 — x)", 
we have 2cosn@ 


= (2 cos 0)” — (n —1) (2. cos 0)" + a (2cos 6)" 
= eee) (2 cos 6)"-* + ...... 
= le cos 0)" — (n — 8) (2 cos gy" 

a — (2 cos 0)"-* — ,..... ] 


=(2cos 0)"—n(2cos)"-2 + -[on2e 4) — Pa —+ (n-8)] (2cos 0)"-4 


= 3 — 4 _ _ n— 
FS [ exe Beas) ie (= 90-Mlacopy a 
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so that, finally, 
2 cos n6 = (2 cos 6)” — n (2 cos 6)"4 + oes (2 cos 6)" 


qj ——" (2 608 0)" 04. oeeee(2). 


The last term could be shewn to be 
n-1 n 
(-1) ? .n.(2cos6) or (-1)?.2, 

according as n is odd or even. 
sin nO 
sin 0 


**50. To expand 


powers of cos @. 
As in Art. 48, we have 


im @ series of ascending 


— = coefficient of a" in [1 — 2x cos 0+ a] 
= coefficient of #”~ in [1+ (#—2 cos 0)]7 
= coefficient of 2" in 
1 —a (a—2 cos @) + a (x — 2 cos 6)? —...... 


veseee +(— 1) a (@ — 2 cos OY +...... (1). 


Case I. Let n be odd, so that (nm — 1) is even. 
The lowest term in (1) which gives any coefficient of 
a" is then that for which 


ae eet 
=a 
Hence, in this case, 
ee as coefficient of a in 1 — a (a—2 cos @) +... 
sin 6 
w=1 n-1 n-1 sad nt} 
+(—1) 2? #2 (a—2cos@) 2 +(—1) 2 w 2 (a@—2cos 6) ? 


n+3 nts n+3 
+(—1) 2? w@? (@—2cos@) ? +...... 
+(— 1)" a (a — 2 cos 0)" +....... 
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Picking out the required coefficients as in Art. 48, we 
have 


n+1n-—1 
sinn? 2 a ee ate d 
cain, 6 eee 
n+3n+1 n-1 n = 
nt+8 ee 
ee 2 2 
a 2 = 4 

+(-1)?. mow (— 2 cos 0/4 +... 


+ (2 cos 6)", 
Hence, finally, when n is odd, we have 


2? sin n ic: m—1? .,  (n®—1%)(n?— 3?) 
(— 1) Be and =l|— 1.9 cos pee hae 
ees 13 eS! cos’ #—,..... 
n-1 
+(—1) 2 (2cos 6)"4.000.. (2). 


Case II. Let n be even, so that n—1 is odd. 


The lowest term in (1) which gives any coefficient of 
«"~ is then that for which 


ae 
2 e 
Hence, in this case, 
sin nO : : 
“7 = coefficient of a in 1 — — Le 
aa x (%—2cos0)+., 


non n area n 
+(— 1)? #(@— 2 cos0)?4(— 1277 ge"? (a —2 cos @)2 Be 


Warde a, 
+(-—1)? “ee (a — 2 cos ga? 4 


+(-—1)> og ii 2 cos 0)" + ...... 


SIN n0 
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Picking out the required coefficients, we have 


=(- 13 ; 5 (— 2 cos 6) 
rere 2 OEY) 2 () cue 0) 


1.2.3 
vo G2)G+)E- G2 
1.2.3.4.5 
+ ecseveveseee +(2 C08 6), 
Henee, finally, when n is even, we have 


os 0) 


+1 sin nO 
Cr) sin 0 
=ncos 0 — a 3 PE cost 9 4 MOE P= #) cose 
L 
seogee + (— 1)" *(2 CORD OE serous each); 


N.B. It will be noted that equations (2) and (3) of this article are 
simply the series of Art. 48 written backwards. This is clear from the 
method of proof, or the statement could be easily verified independently. 


**51. To expand cos né in a series of ascending 
powers of cos 0. 
As in Art. 49, we have 
2 cos nO = coefficient of 2” — coefficient of 2 in 
(1 — 2a cos 6 + a*)> 
= coefficient of «” — coefficient of 2” in 
1— a (a — 2 cos 0) + 2 (a — 2.cos 0) --...... 
+(—1)' a (@-—2 cos 0) +... ...(1), 
as in Art. 49, 
Pia eae wk 5 
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Case I. Let n be odd, so that n—1 is even. 
The lowest term in (1) which will give any of the 
coefficients we want is that for which 


Cet 
=—77 
Hence 2 cos n6 = coefficient of a — coefficient of a” 
in 
m-1 n-1 Bee 
1—2x(a—2cos6)+...+(—1) ? 2 * (a—2cos 8) ” 
mt+1 ntl nt+1 n+3 nt+3 nt+3 
+(—1)? «& ® (w—2cos@) ies ea 2 g 2 (~—2cos0) 2 
eaceseasns +(—1)" 2 (a@—2cos 0)"..... 
n—-1 
=(— D+ [ -"F C2 e088) | 
a n+1 n—-1 n-38 
In+1 Wie ye. 
+(-1)? “F-(- 2c08 8)— — (—2 cos 6) 
n+3 n+1 — 
nis| 9 = gee 
t(-1) = or (— 2 cos 6)? 
n+8n+l1ln—l1n—8n-—5 
2 2 2 2 
= 1.2.3.4.0 rei 
“f nesnscpccccooss + (2 cos 6)". 


n-1 


*. (—1)? .2coand 
=cos6[(n—1)+(n+1)] — DOD cost6[(n—3)+(n+ 3)] 


Fe cos’ O[(n — 5) +(n+5)] +... 


+(- es (2 cos 0)” 
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Hence, finally, when n is odd, 


n-1 
(—1) 2 cosn0 
=ncos 6 — nie) cos? 0 + iia re) cos 8 
8 [5 
n—-1 
— oseeee(—1) 2.2" c08" 0......(2). 


Case II. Let n be even. 
The lowest term in (1) which will give any of the 
required coefficients is that for which 
n—2 
9 e 


T= 
Hence we have 


2 cos n@ = coefficient of 2 — coefficient of x”? in 


n-2 n-2 n-3 
1 —a2(a—2cos6)+...+(—1)? « ? (w—2cosd) 2 
nt+2 nt+2 N+2 
+(- 1323 (e— 200s 6)! + (— 1)? « ® (¢—2cos 6) 2 
Beidesnsoresevesce + (— 1)" 2" (@ —2cos 0)" +...... 
n i 
Ss iy = Fe 1 (— 1)! 1-2 (—2cos 6) 
Nn+2n 
erat 
+(-1) ? 5 (—2cos 6) 
n+2nn—-2 n—4 
Vy ee i 
= TaOTara (— 2 cos 0) 


5—2 
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n+4nt+2 n n—2 
n+4 Br Ye 5 5S 


2 
eee) Lees ee oe 
n+4n+2 n n—-2 n—4 n—6 
came = G : Z (—2 cos 6)§ 
t teeee case senees + (2 cos 0)" 


. (—1)?.2cosnd 


= [141] na 2) 4 (0 +2). 2] 
i 


+p Unt 2).n.(n—2)(n— 4) (n+ 4)(n42).(n— 2) 


n 
+ cocce mensecssverta(— 1)? .(2 cos 0)", 
Hence, finally, when n is even, 


ae 2 2 = 
(—1)? cosn?=1 —T ere aT to 
2_ 92\(p2_ A2 
_ n(n — Ee ec r 


re i 
+ (= 1)° 2° cost 0. secnetee eee (8). 
N.B. As before, the equations (2) and (3) of this article are only the 
series (2) of Art. 49 written backwards, 
**52, From equation (2) of Art. 50 and equation. (2) 
of Art. 51 we have, if n be odd, 
e=1 cs q. a 2 2 a__¢ 
4\"5 sin n@ _ ST (n?— 1?) (n?— 3?) 
(-1) saa 2 cos? 6 + 4 cos! 8 
(x? — 19)? — 8%) (nt — 54) 
6 


cos’ 8 + ...... 


SU Oise 1? (2cos 0)" + ,.....(1), 


A iene eit 
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n—1 
and (—1) 2 cos nd =n cos 6 — "= N) ogseg 
2. 2_ 22 va n=l 
er eb 1) 22" cos ¢ 


In these equations change 6 into 2 —@, and therefore 


cos 6 into sin 6. 
Then gin n@ will become 


n-1 
sin (F —nO), i.e. (—1) ? cosnd, 


and cos n@ will become 
nr pet 
cos (> — n8) , ue. (—1) 2 sinné, 
On making these substitutions we shall have, if n be 


odd, 


cos nO = cos 8 {i Ee sin? @ + Se sin‘@ — 
n-1 

oh (- 1) 2 2 OMA gin”! of eecenccee (3), 

and 
a 2_ 12\(m2 
sin n? = nsin 9 6+ ak Te! 
n-1 
He tesese +(- 1)= SO BIN" Oo es (4). 


**53. Again from equation (3) of Art. 50 and 
equation (3) of Art. 51 we have, if n be even, 


a 1)? AEM = n cos 9 — 2 —*) 


n(n? — 2?) (n? — 4°) 
‘ers a ne 


cos? @ 


fe tat 
cos’ O+...... +(—1)2 (2cos 6)"7 
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and 
n 2 a(n2— 92 
(—1)? cosn? =1— 2 cos? + an meen O — seoeee 
+(— 1)? 2" (cos* 6)...... (2). 


In these equations change 6 into 379, and therefore 


cos 6 into sin @. 
Then sin n@ will become 


n 
sin (F ~ ZO) , 1e. (— 1)? sin n6, 


and cos n@ will become 


cos (F - nd) , te. (— 1)? cos nd, 


2 
On making these substitutions we have, if n be even, 
= 22 92 2_. 92 aes 
SEE soos é— mn 2) int 4 ee) 
cos 0 3 [5 
=i eee 
+(—1}?” (sin 8)*-...... (3), 
and 
3 ——— 
cos nO =1— nt (a = 2") 


|2 


an ne 
sin? + ie sin‘ 0 


+ seseee (— 1)? 21 sin” 8......(4). 


**54. Equations (1) and (2) of Art. 52 and equa- 
tions (1) and (2) of Art. 58 give the expansions of sin n@ 
and cos n@ in ascending powers of cos 6 for the cases when n 
is even or odd. Equations (3) and (4) of the same two 
articles give the expansions of the same two quantities in 
terms of sin 6. 
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EXAMPLES. VIII 


1, sin 70=7sin 6 — 56 sin @ +112 sin 0 - 64 sin’ 0. 
9. cos 76=64 cos’ @ — 112 cos® 6 +56 cos’ 6 — 7 cos 6. 
3, sin 8@=sin [128 cos’ 6 — 192 cos® 6 + 80 cos’ @ — 8 cos 6]. 
4, cos 86=1- 32 sin? 0 +160 sin‘ 6 — 256 sin® 6 + 128 sin’ 6. 
5, sin 96=sin 6 [256 cos? 6 ~— 448 cos® 6 +240 cost 6 — 40 cos? 6 +-1]. 
6. Express cos 68 in terms of cos 6 only and verify for the cases 
6 =5 ’ O=7 
respectively. 

7, Prove the algebraic identity 

p®+q™=(ptq)*-n(pt+g)” "pat —7 5 ah) 4 (p+9)"4p7.g? + w+ 
Deduce that 

n e s 


2 cos nd = (2 cos 6)" —n (2 cos 0)"-7+—_—, ~ (2 cos 0)9-4 — oe 


%%55, Ex. Find the value of 


4 . 
sec 6 + sec (0+) +sec (0 ar <) +... to n terms, 


2 4 
sec? @+sec? (0+ =) +sec? (0+) +... to n terms, 


From equations (2) and (3) of Art. 51, we know that 


n-1 
ne PT) og MOP INP og (1) arte 


| 
_ 


n 
m= (—1) ® COSNO...sssrersesrereeesvrseerereee(L), 


when n is odd, 
and that 


n? n? (n3 — 2?) 3 cei 3 9 
re eeae oat to) gn-1 c®= (—1)7 COB NO ..+00 (2); 
[2 4 


when n is even, 
where in each series c stands for cos @. 
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If cos n@ be now given, the equations (1) and (2) give cos 0 
But since: 008 nO = cos (nf + 2ar) = cos (nd +47) 


sos ceeoesecesossces 


these equations would also give 


2a 4 
cos (0 + 2) » COs (0+ = oe 


Hence, in each case, the roots are 
2 
cos 8, cos (0+ =) » COB (045) yeeeee. tO nm terms. 


In (1) and (2) put ox and multiply by y” 


We have then the equations 
n—1 


(210 eos nia gis ee De 


100s =Oveoncn.0(3) 5p 


when n is odd, 


and [(- 1) cos n0 — e+; yt oct Oc scoseecee ee 


when n is even, 
The roots of these equations are respectively 


2Qar 4a 
8eC 0, sec (0+) » 5eG (+ =) 9 eave 


Call these Yrs Yas oor Yne 
Then 
YztYo+...+Y,=sum of the roots 
n—1 
n nee 
=——-7 —_ =(-1) © nsecné, when n is oda, 
(-1) * cosné 
and =0, when n ig even. 
Also 
YET Y at me + Y= (Ya + Yat oe +Yn)*— 2(Ys Ya + Yost axe) 
n? 
a relate sec?né, when n is odd, 
n? 
j2 


- , when n is even, 
2 


Si cosn@—-L 1-(-1) cosnd 


ie A f,! 


EXAMPLES. 73 


EXAMPLES. IX. 


Find the value of 
1. cos @ cos (0477) cos (o+=) Tee OOd {o+(n- 1» = - 
n n n 
9, sin 6 sin (e+) sin (0+) — sin {o+ (n—1) at ; 
n n n 


3. cosec? 6+ cosec? (¢ + = ) + cosec?* ( 6+ =) seaeen 6O 7 terms. 


4, tan? 6+tan? (0+ =)+ tan? (042)... to n terms, 


[For the following 5 questions commence with equation (5) of Art. 
30.] 


5 tan é-+tan (0+) +tan (0+=7) ate ‘to n terms, 
6. cot 6+ cot (e+) +cot (0+ =) ae to n terms, 
7, tanétan (0+ ;) tan (° + =) case to n factors. 
8, tan? 6+ tan? (0+ =) + tan? (0 + =) Bieceees to n terms, 
9, Ifn be odd, prove that S=3C=n?-—1, where 
=sec? =~ + gec? ii pect seoeee 10 N—1 terms, 
n n n 
T Qa 3r 
and C=cosec? os -+ cose? _: + cosec? - F cease to n—1 terms. 


10. Find the sum of the products, taken two at a time, of expressions 


of the form sec ( 0+ =) , where 7 has all values from zero to n—1. 


Note. When the Student has become acquainted with the later 
chapters, he will find that the results of Arts. 49 and 51 are rather 
more easily obtained by starting with the expansion of Art. 110, so. 


‘hat 2 cos n@ 
n 


=coefficient of 2" in the expansion of ~—log[1—« (2 cos 0 —2)]. 


CHAPTER V. 


EXPONENTIAL SERIES FOR COMPLEX QUANTITIES, CIRCU- 
LAR FUNCTIONS FOR COMPLEX ANGLES. HYPERBOLIC 
FUNCTIONS. 


56. WHEN @ is a real quantity we have proved in 
Art. 5 that 


= Tee se 


2° B 


When « is not real but is complex, we. of the form 


jadint see Sa 


a+b,/—1, the expression e* has no meaning at present. 


Let us so define it that for all values of # (whether 
real or complex) it shall mean the series 


as 
eee 


2 B +ad inf........ verses 2). 


57. We can easily shew that this series is convergent 
when # is complex. 


For let a=r(cos 0+,/—I1sin 6), 
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Then @=1l+a+ 


at Bt nate 


=1+r(cos @+isin (pape ae 


ie 
“ r? (cos 30 +7 sin 30) ee 


3 


r? cos 20 r? cos 30 
Folate tein 


a ee [sino Homes , ret? Reb: | 


2 p 


ad inf. 


=1+4rcos@+ +.cccee 


The quantity 
1+rcos 6+ = cos 7A RS Fay art aoeec eG Int 


a cE 


is <a Ta i = Ty ai 
BOBO 
and is therefore convergent since this series is convergent 
for all real values of r. (Art. 6.) 
Similarly the quantity 


eee AGA: 


r sin 8+ a Sin 26 + .secee 
2 
is convergent. 


Hence the series for e* is always convergent. 


58. When z is a complex quantity the quantity e 
is then a short way of writing 


Lb et tit een 


Unless « be real, the e in e® does not mean the series 


dh es E 
means 
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When = is complex, e* stands for a series of the same form 
as that series which, when «@ is real, has been proved 
to be equal to 


(l41+5+ 5+ — ie 


Instead of e* the expressions E (x) and exp (x) are sometimes used. 


59. By a proof similar to that of Art. 304, C. Smith’s 
Algebra, it may be shewn that 
ee = erty,” 
whether x and y be real or complex quantities, so that 


the functions ¢ and e” obey a law of the same form as 
the index law. 


60. If x be put equal to 6%, where @ is real, we 
then have 
] 398 
oh epee PLES, 
Cae 
PO 
ey jf a 6 =e seccce 


+ifo-F 45... | 


=cos 6 +7 sin 0, (Arts. 32 and 33.) 
So e* = cos 0 —isin 0, 
Hence, by addition, we have 


e% + 6 
b) 


i 


cos 6 = 


and, by subtraction, 
et — gt 


sin § = rae: 


aa 
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Circular functions of complex angles. 


61. When «& is a complex quantity, the functions 
sin # and cos w have at present no meaning. 

For real values of # we have already shewn in Arts. 
32 and 33 that 


sin @=@—— + 


and cos  =1 — at a et Reta ad inf. 

Let us define sinz and cos x, when w is complex, 
so that these relations may always be true, i.e. for all 
values of «@ let 

a 


et t Tiptree seen (1), 


(ie oe Cis Sib 
and COS OF Dm a onnn ee, esac e+ 


ue an 
When « is complex, the quantities sin# and cos # are 
then only short ways of writing the series on the right-hand 
sides of (1) and (2). 


sin 2 = @— 


62. We have then, for all values of a, real or 
complex, 
aati | a 
pai | 
3 *\4 
altos OP re i ia 


= et (Art. 56.) 


So cos @— isin # =e, 


cosa+itsinw=1l+a— 
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Hence for all values of a, real or complex, we have 


emi 4 e—= xi _ @—=! 
cos x = ——__——-, and sinx = ———_——-, 
2 a ai 


These results are known as Euler’s Exponential Values. 


63. We can now shew that the Addition and Sub- 
traction Theorems hold for imaginary angles, ze. that, 
whether « be real or complex, then 


sin (7 + y)=sin # cos y + cos # sin y, 
cos (% + y) = cos # cos y — sin xsin y, 
sin (@ — y) =sin # cos y — cos xsin y, 
and cos (@ — y) = cos # cos y + sin w sin y. 
Since 
CPt oF : gt — ga 
cos # = ——5—— and sin = —_.—., 
2 20 
we have sin # Cos y + cos asin y 
_ ee eviteu gti gat eyt_ e-vi 
20 2 2 2a 
Ee , Qeyi — eat Qe-vt_— g(t y)t _ g—(aty)é 
4a ee 7) 
= sin (w+ y). 


Similarly the other results may be proved. 


(Art. 59) 


64. It follows that all formulsz which have been 
proved for real angles and which are founded on the 
Addition and Subtraction Theorems are also true when 


we substitute for the real angle any complex quantity. 
For example, since 


cos 30 = 4 cos* 0 — 3 cos 6, 
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where @ is real, it follows that 
cos 3 (@+ yi) = 4.cos* (x + yt) — 3 cos (a + yt). 
Again, since, by De Moivre’s Theorem, we know that 
cos nO + isin nO 
is always one of the values of 
(cos 6 +7 sin 6)", 
when @ is real and n has any value, it follows that 
cos n(x + yt) +tsin n (@ + yt) 
is always one of the values of 
[cos (@ + yi) + ¢sin (@ + yt)]”. 

65. Periods of complex circular functions. In 
equations (1) and (2) of Art. 63 let « be complex and let 
y = 2n. 

Then = sin (a+ 27) =sin # cos 27 + cos # sin 2 
=sin @, 

and cos (a + 277) = cos # cos 2ar — sin # sin ar 
= COS 


Hence sin x and cosa both remain the same when # 
is increased by 27. Similarly they will remain the same 
when @ is increased by 

Arr, 67, eeoeeeeae Qn. 

Hence, when # is complex, the expressions sin # and 
cos # are periodic functions whose period is 27. 

This corresponds with the results we have already 
found for real angles, (Art. 61, Part 1) 
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EXAMPLES. X. 


et ee eedtnn ee ee 
2 aoe 
all values of x and y, real or complex, 


— at 
Assuming that cos z= prove that, for 


1, cos?#+sin?z2=1. 2. cos(—2z)=cosz. 
8. sin(-2)=-sing. 4. cos 2z=cos* x —sin?z=1-2 sin’ x. 
5. sin 32=3 sing—4sin's, 6, cosx—cosy= asin 4 gin YU. 
7, sina— sin y=2cos +4 gin ™ we 
2 2 
Prove that 
8. {sin(a+6)—e%sin 6}"=sin® ae—™%, 
9. sin (a-+n@) - e“ sin nd =e" sin a, 


10. {sin (a— 0) +e***sin 6}"=sin™— a {sin (a—né)+e** sin no}. 


66. In the formule of Art. 62 if x be a pure imaginary 
quantity and equal to yz, we have, since 


#v=-—l, 
ne One ott we pey 
eG 2 Doe sae 
and 
- og QUE SG aie CR et oe 
s1n Yt= 0 : 
J 2i oi ha ro 
oon 
=e 


67. Hyperbolic Functions. Def. The quantity 
ey—e-¥ 
3 s 

whether y be real or complex, is called the hyperbolic 
sine of y and is written sinh y. 
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Similarly the quantity 
ey+e¥ 
2 
is called the hyperbolic cosine of y and is written 


cosh y. 


{It will be observed that the values of sinh y and cosh y are obtained 
from the exponential expressions for siny and cosy by simply omitting 
the 7s.] 

The hyperbolic tangent, secant, cosecant, and cotangent 
are obtained from the hyperbolic sine and cosine just as 
the ordinary tangent, secant, cosecant, and cotangent are 
obtained from the ordinary sine and cosine. 


Thus tanh y=—__* = ——_ —_ 


coshy e +e-%”’ 
h 1 2 
ee I~ sinhy &—ev? 
ae en 
I~ coshy bev? 
Y4ev 
and coth y = pepe 


tanhy e—e¥ 

The hyperbolic cosine and sine have the same relation 
to the curve called the rectangular hyperbola that the 
ordinary circular cosine and sine have to the circle. 
Hence the use of the word hyperbolic. 


68. From Arts. 66 and 67 we clearly have 
cos (yt) = cosh y, 
and sin (yt) =? sinh y, 
So tan (yt) =% tanh y. 
L, T, IL 6 
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69. Corresponding to most general trigonometrical 
formule involving the ratios of angles ae are formulz 
involving the hyperbolic ratios. 

For example, we have, for all values of the angle 2, 


cos? + sin? «= 1, 
so that cos’ (yt) + sin? (yz) = 1, 
and hence, by the last article, 
cosh? y — sinh? y = 1. 


[This may be deduced independently from the definition of the hyper- 
bolic functions. For 


Y 4 e-v\2 VY e-V\32 
cosh*y~sinh*y =(£ “ ) -(¢ E 


eV42+e-w eW—-Q+e—W 
"sae re =a " 


Again, for all values of wu and v we have 
sin (u+v)=sin ucos ¥+cos usin ® 


Put u=ai and v=yi, 
so that 


sin [(a + ¥) ¢] = sin (a7) cos (yt) + cos (a7?) sin (y7). 
The expressions of the last article then give 
sinh (e+ y) =¢sinh x cosh y + cosh # x ¢sinh y, 
.. sinh (@ + y) = sinh # cosh y + cosh a sinh y. 
[Directly from the definition of the hyperbolic ratios we have 
sinh z cosh y + cosh x sinh y 


ee tev te VY eX + e-% V_e-¥ Dorty_ Qe-(xty) 
2 2 2 ee 4 ° 


on multiplication, =sinh (x+y).] 
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Again, for all values of 0, we have 
3 tan 0 — tan? 9 
1—3tan?@0 ° 
Put then @= ai, and we have 
3 tan (a1) — tan® (a7) 
1 —3 tan? (a7) 
Hence the substitutions of Art. 314 give 
37 tanh a — 7 tanh’ x 
1 — 32? tanh? 2 
= 32 tanh # +7 tanh’ x 
1+3tanh?2 ’ 


3 tanh w + tanh? x 
14+ 3 tanh? 


As before, this may be easily proved from the definition 
of tanh a. 


tan 30 = 


tan (327) = 


¢ tanh (382) = 


so that tanh (32) = 


70. In general it follows from (1) of Art. 68 that any 
general formula which is true for cosines of angles is also 
true if instead of cos we read cosh. 

From (2) of the same article, since 

sin? (yt) = — sinh? y, 
it follows that any general formula involving the cosine 
and square of the sine of an angle is true if for cos we 
read cosh and for sin? we read — sinh*, 

Similarly from (3) we may turn a formula involving 
tan? into another by writing for tan? the quantity — tanh’. 

In this manner formule and series involving the 
hyperbolic functions may be obtained from 27, 28, 30, 44, 
46, and 48—53 and also from Part I, Arts. 241 and 242, 

6—2 
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71. From the values in Art. 67 it follows, by Art. 56, 
that 


cosh @= 5 (4 +6) 


Ck OP sae 


=1+ 2 5 Hage aa ae 
cinh o= 3 [@— e*] 


oe 
Ponta 3° E Pas dee sp A 
ae 


These are the ee values of cosh # and sinh a. 


%*72. Periods of the hyperbolic functions. 
For all values of 0, real or complex, we have cos 6i=cosh 0. 
Hence 


cosh (2+ yt) =cos {(#+ yi) 4} =cos (xi -—y)=cos[—-24r+ai-y] (Art. 65) 
=cos[(27i+2+ yt) t]=cosh [271+ 2+ yt] 
= (similarly) cosh [4ri+2+yi]=...... 


Hence the hyperbolic cosine is periodic, its period being imaginary 
and equal to 27. 
Again, since sinh @= — isin 61, we have 


sinh (2+ yt) = —isin {(x+ yi) i}= —isin[zi-y] 
= —tsin[-2r+ai-—y]= —-isin {[2r7i+ 24 yi] i} 
= sinh [27i+2+ yi], 
so that the period of sinh (x+ yi) is Qari. 
Similarly it may be shewn that the period of tanh (1+yi) is wi. 


The hyperbolic functions therefore differ from the circular functions 
in having no real period ; their period is imaginary. 


73, Ex.1. Separate into its real and imaginary parts the expression 
sin (a+ Bi), 
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We have sin (a + Si)=sin a cos Bi+cos a sin Bi 


B4.-B aoe 
main a + 008 « © ak 
2 24 


B41 .-B B_.-B 
ssina "S44 0s a 


=sin a cosh 8+ 7% cos a sinh g. 
Ex. 2. Separate into its real and imaginary parts the expression 
tan (a+ Bi). 


We have tan (a+ Bi) _2n (+82) 


cos (a + Bi) 


= sin (a + Bi) cos (a — Bi) 
*2 cos (a+ Bi) cos (a — Bi) 


a sin 2a + sin 28% 
cos 2a + cos 28% 


sin 2a+7 sinh 28 
= cos 2a + cosh 26 * (Art. 68.) 
Aliter. Let tan (a+fi)=zx+yi, so that tan (a —fi)=x—- yi. 
°. ¢=4[tan (a+ i) + tan (a — Bi)] 


Sin (a + 8%) cos (a —- Bi) +cos (a + Bi) sin (a — Bi) 
2 cos (a+ B2) . cos (a — Bt) 


sin 2a sin 2a 
=; = 1? 
cos 2a+cos2fi cos 2a + cosh 28 


Also y=5 [tan (a + Bi) — tan (a — 82)] 


1 sin (a +i) cos (a — Bi) — cos (a + Bi) sin (a - 8’) 
~ ot cos (a+ Bi) cos (a — fi) 

all sin 2B a sinh 28 

=F cos2a+cos28i cos 2a+cosh 28° 


sin 2a+% sinh 26 


tan (a+ fi)= cos 2a+ cosh 26 ° 


Ex. 3. Separate into its real and imaginary parts the expression 
cosh (a+ i). 
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a+pi —a-pi 
We have cosh (a+ fi) =< +" (Art. 67) 
ao: cote eee e* (cos B+4 wallets (cos B — 1 sin B) (Art. 62) 


08 B(e*+e7*) +i sin B (e*-e~*) 


= cos § cosha+isin Asinha. 


Aliter. cosh (a+ 8i)=cos {(a+i)i} (Art. 68) 
=cos {ai = B} 
= Cos (at) cos 8+ sin (ai) sin B 
=cosh a cos 8 +7 sinh « gin p. 


EXAMPLES. XI. 
Prove that 
cosh 2e=1+ 2 (sinh x)?=2 (cosh z)?-1, 
2. cosh (a+ )=cosh a cosh 8+sinh a sinh g. 
8, cosh (a+) — cosh (a —8)=2 sinh a sinh B, 
4 


tanha+tanh 8 
1+tanh a tanh B° 


, cosh 32=4 cosh* «— 3 cosh x. 


. tanh (a + )= 


5 
6. sinh 32=3 sinh x +44 sinh? x, 

7. sinh (t+) cosh (« ~y) =} (sinh 22 +sinh 2y), 
8. cosh 22+ cosh 5a+cosh 82 + cosh 1lz 


=4 cosh ioe cosh 3z cosh os : 
2 2 
9. cosh x + cosh (x+y) + cosh (2+ 2y)+....0. to n terms 
n—-1 Pe) 
cosh ( a+ ae v) sinh = 
= e 
inh ¥ 
sinh 9 
10, sinh z+sinh (7+y)+sinh (x+2y)+...... to n terms 
n—1 eta} 
ions (2+ as is v) sinh es: 
ASAIO A 


inh 2 
sinh 5 


— 
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ll, sinha+nsinh22+ _— 3 tye ope to (n+1) terms 


. 


=2" cosh® = = sinh G + 1) Ze 
12. sinh Ssina+icosh f cos a=i cos (a+ fi). 
18. sin 2a+7 sinh 28=2 sin (a +78) cos (a — 78). 
14, cos (a+i8)+isin (2+78)=e 8 (cosa+isina). 
15. If tany=tanatanhf, and tanz=cota tanh B, then prove that 
tan (y +z) =sinh 28 cosec 2a, 


16, If w=log tan (G+ +5) prove that tanh 5 orien 5 


oF 
Separate into their real and imaginary parts ae quantities 
17. cos (a+{i). 18. cot (a+ fi). 
19. cosec (a +i). 20. sec(a+ Bi). 
21. sinh (a+ i). 92, tanh (a+ Bit). 


93. sech (a+ i). 


h 
94, Prove that tan ee ae ein w+é sin i 


2 ~ cosu+coshy” 
95, Ifsin(4+iB)=2+iy, prove that 
a? y? x y? 


ee ec Oe eed cost 


26. If tan (4+iB)=2z+iy, prove that 
zi4y2+42e cot24=1, and 2?+y?—2y coth 2B+1=0. 
27. Ifsin (6+ ¢i)=cosa+isina, prove that cos?@= + sin a. 
28, If sin (6+¢i)=p(cosa+isina), prove that 
p?=4 [cosh 2g — cos 20] and tan a=tanh ¢ cot @. 
29, If cos(@+¢i)=R(cosa+isin a), prove that 


LZ sin (9 — a) 
$= 4 108 Fa (6+) ° 


30, If tan(@+¢i)=tana+1 seca, prove that e?? = + cots , and that 


20=nmr + at Oe 
3], If tan(@+¢i)=cosatt sin a, prove that 


eT 


: wT a 
=p +) and o=4 log tan Cj +5). Z 


88 TRIGONOMETRY. [Exs. XTI.] 


82. IfA+iB=c tan (4+ty), then 

2cA 
c2— A2_— Br° 

33, If tan (0+ ¢i)=sin (x +iy), then 

cothy sinh 2¢=cot « sin 26. 

34, If tan (a+78)=7, a and £ being real, prove that a is indeter- 
minate and £ is infinite. 

Prove that 


tan 22= 


35. 4 (imhe+sin2)=0+ 5 tpt ad inf, 


at 98 : 
at pt seth ad inf, 


36. 4 (cosha+cosz)=1+4 

*%* 74. Inverse Circular Functions. When a and 
8 are real and a =cos §, we defined, in Art. 237, Part Is 
the inverse cosine of a to be that value of 8 which lies 
between 0 and 7, and it was pointed out that @ was a 
many-valued quantity. 


If now “+ yt=cos(u+ v1), 
then similarly w+ is said to be an inverse cosine of 
+ Yd. 

But since 


a + yt = cos (u+ vt) =cos [Qn + (w+ v1)] (Art. 65) 
it follows that 2n7 + (w+ vi) is also an inverse cosine of 
a+ yt, where n is any integer. 

The inverse cosine of 2+ yi is hence a many-valued 
function. When the many-valuedness of the inverse 
cosine is considered it is written 

Cos (@ + yt). 

The principal value of the inverse cosine of w+ yr 
is that value of 2nmr+(u+vi) which is such that either 
2nm + u or 2nm —u lies between 0 and mr. 
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This principal value is denoted by cos (# + y2). 
We have then ‘ 


Cos (a + yt) = 2nm + cos (« + y?). 


*%* 75. Similarly if 
e+ yt=sin (u+vi)=sin {nw +(—1)* (w+ w)}, 


then naw +(—1)" (w+) is an inverse sine of a+yt. It is 
a many-valued quantity and is denoted by Sin (a + yt). 
Its principal value is such that its real part lies between 


2 22 
We then have 


Sin (a + yt) = nw + (— 1)" sin (w+ y2). 


—7 and ~, and is denoted by sin- (a + yi). 


Similarly tan—(# + yi) and Tan (#+ yt) are defined, 
so that the principal value of Tan“(#+ yt) is such that 


its real part lies between — 5 and + 3 and 


Tan— (@ + yt) = nm + tan (a + y). 
Similarly ‘ 
Sec (a + yt) = 2nm + sec (x + yt), 
Cosec (x + yt) = nm +(— 1)” cosee (x + yt), 
and Cot (a + yi) = nm + cot (a + yt). 


% #76. We shall henceforward use sin, Sin™, cos, 
Cos—1,... with the meanings above assigned. 


%*77. Inverse hyperbolic functions. If c=coshy 
then similarly, as in Art. 74, we write y = cosh™ a. 
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If « be real, we have 


ae ee 
srt 
so that ey’ — 27eV+1=0, 
and hence w=r2+Vv2e7-1 
—— 1 
=a+V2?—1 or ———— 
geno ke ae ay 


“ y= +t log (@+ Va? — 1). 


The positive value of the right-hand side is the one 
always taken. , 


Hence, when @& is real, cosha@ is a single-valued 
function. 


Similarly sinh and tanh are defined; they are 
single-valued functions, when z is real. 


*%* 78, If a+fi=cosh (z+yi), then x+yi is said to be an in- 
verse hyperbolic cosine of a+ Bi. 

But cosh (7+ yi)=cosh {2nwi+(x+yi)}, as in Art. 72. 

Hence 2nwi+(z+yi) is an inverse hyperbolic cosine of a+ fi. Its 
principal value is that value whose imaginary part lies between 0 and 
mt, i.€. such that 2nr+y lies between 0 and r. 

Similarly the inverse hyperbolic sine and tangent of a+ i are defined, 
In this case the principal values are such that the imaginary part lies 
Tv 


between — 5 


: wT, 
i and 3° 


*%*79, Ex.1. Separate into real and imaginary parts the quantity 


sin) (cos 0+i sin 0), where 0 is real, 


Let sin“ (cos 0+i sin §)=2+ yi, 
so that cos@+isin@=sin (z+ yi) =sin x cos yi + cos « sin yi 
=sin x cosh y +i cos z sinh y, 
Hence sin x cosh y=cos O. cssdanandtceecssanen gestae 


and cos x sinh y =sin @..,..... Besceneccaco nue, (2). 
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Squaring and adding, we have 
1=sin? z cosh? y + cos? # sinh? y=sin? # (1+ sinh? y) + cos? z sinh? y 


=sin? z+ sinh*y, . 
“. sinh? y=cos? 2, 


Hence from (2) we have cos? 7=sin 0, assuming sin 0 to be positive. 


Therefore, since z is to lie between - 5 and +5 (Art. 75), 


we have cos a= +AVsin 6, and hence x=cos-} (v sin 0). 
The equation (2) then gives 
sinh y= + Nin 8, 
a that ev — 2e¥ ,/sin @=1, a quadratic for e¥% 
Hence e=Nsin 0+N 14510 8, 
i.e. y=log [sin 6+ 1+ sin 6]. 


Ex. 2. Separate into its real and imaginary parts the quantity 
tan“! (a+ Bi). 
Let tan (a+ 8i)=(x+y/i), so that tan («+ yi)=a+ fit, 
and tan (%— yi) =a — Bi. 
¢. tan 2z=tan {(x+yi)+(x-yi)} 
_ (a+fi)+(a—-fi) 2a 
~ 1-(@+8i) (a—fi) 1-a—p?* 


oo -1 id as 
* c=} tan a er 


Again tan (2yi) = tan [(x+ yi) — (z— yi)] 
_ (a+fi)—(a—Bi) _ ft 
~ 1+ (+i) (a- Bi) 1+a*+p* 
ew —e-¥ 2Bi Syies 


a ae 


ev +e = 1+a? +p? Fee eweeersarterereree 
ew _1+a7+67+28 (1+6)?+a? 


° LE et 


"° ew” I+a2+p?-28 (1-6)*+a?° 
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2 
Or again (1) gives tanh 2y= oa Shane 


1+a?+ 2” 
= tanto 
so that ¥=9 tanh 1+a?+p7" 
We should have Tan (a+ Bi) =n + tan“! (a + Bi) 
2a t 2B 
= ieee eae ed 
=nr +4 tan eho + 9 tanh 1+a?+p?° 


EXAMPLES. XIL 


Separate into their real and imaginary parts the quantities 
], tan1(cos 6+7sin 6), 

2. cos! (cos @+isin @), where @ is & positive acute angle. 
Prove that 


. ty AC eae hh -1 a i Pg ee 
3, sinh! =log (« +N22+1). 4, tanh” #=sinh ae 
5. cosh! e=log (,/z?—1+2). 6. tanh™ c=} log itz, 


7. Sin (coseo 0) = {2n+(-1)*} © +4 (—1)* log cot : ; 


8. Tan-1 (e%) =F ot x = " log tan a = 3) 5 


4 2 4 2 
_, tan 20 + tanh 2¢ tan @—tanh@ 
: ee ee qq ee eee 1 
pee tan tan 20 -tanh2¢ ates tan@+tanh¢ — Tans (cotveotiy 


When = is a real quantity, plot the graphs of 
10. sinh x and cosech z, ll. cosh a and sech », 
12, tanh and cothz, 


CHAPTER VI. 
LOGARITHMS OF COMPLEX QUANTITIES. 


80. Ir a=e*, where a and # are real quantities, we 
know that « is called the logarithm of a to base e and we 
have shewn in Art. 5 that 


ae 
a=@altatotat sree c0 ad inf, 
eat 
We may therefore look upon the logarithm, «, of a to 
base ¢ as being derived as a root of the equation 
tga ‘ 
eee 8 eeeeee EME WOE oes (1). 


As in other cases we shall now extend this result to 
complex quantities. 


81. Def. If c+ yt be any complex quantity and if 
a+ Bi be a quantity which is equal to +, a.¢. to the series 


(a+yi? , (e@+yr) 
2 + 3 iS he ae rs 


then x + yi is said to be a logarithm of a+ Br. 


1+(a@+yt)+ 
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We say “a” logarithm because, as we shall now shew, 
there are with the above definition many logarithms of a 
quantity. 

We have C+ Bia CNW ey coxdcerectetee (1). 

Now, by Art. 62, we have, for all integral values of n, 

emnt = cos 2mm + 45in Zn = 1 ....cceeeee. (2). 
Hence from (1) and (2) we have, by Art. 59, 
a+ Bi ett , emi — ert wtonmt, 


According to the above definition we see that, if + yi 
be a logarithm of a+ £1, so also is 


e+yi+2nwt te. 2+ (y+ 2). 


82. We proceed to find the logarithms of the com- 
plex quantity a+ i, where a and B are real. 


By Art. 20, we have 
a+ Bu=r [cos (2n7 + 0) +7 8in (2Qn7 + 6)], 
where n is any integer, r =+Va?+ 6%, and @ is that value 


lying between — m and + 7 such that cos @ is - and sin 6 


8 


is a: i.e. with the restriction of Art. 20, 


é=tan— B . 
a 
If « + yi be a logarithm of a+ Si, we have then 
r [cos (2am + 0) +7 sin (Qn + 6)] = ert 


=e, ev (Art. 59) 
= (cosy +7 sin y). 
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By equating real and imaginary parts, we have 
e* cos y = r cos (2n7 + 4), 
and é sin y= rsin (2n7 + @). 
Hence e@=r, and y=2nr+ 0. 
Since # and r are both real, # is the ordinary algebraic 
Napierian logarithm of r, so that 
«= log,r. 
Hence a logarithm of «+ £1 is 
log.r +1 (2n7 + 6), 


1.é. log, Va? + A? +14 (2nm + tan7 e) ‘ 


Since n is any integer we see that there are therefore 
an infinite number of logarithms of « + fi, and that these 
only differ by multiples of 27. 


83. With the extended definition of a logarithm 
given in Art. 81, it follows by the last article that the 
logarithm of any number is many-valued. 

When this many-valuedness is taken into consideration 
we write the logarithm of a+ 8% as Log (a + 81). 

Hence 


Log (a + Bi) = log, Va? + B?+1 (2nm + tan7 e : 


. 
If we put n equal to zero in the value of Log (a + At) 
the result is called the principal value of the logarithm 
and is denoted by log (a+ 8%), so that 
log (a+ Bt) = log, V(a? + 8?) +7 tan> - 2 


and ; 
Log (a + Bt) = 2nai + log (a+ ft). 
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This distinction between log and Log is to be here- 
after assumed. 


84. Any positive quantity has one real logarithm 
and an infinite number of imaginary ones. 

In the result of the preceding article put @ equal to 
zero, and we have 

Log a = 2n7i + log, a. 
We therefore observe that, with our extended definition of 
a logarithm, every real quantity a has a real logarithm 
(which is equal to log,a as ordinarily defined) and an 
infinite number of imaginary logarithms, which are 
obtained by adding any multiple of 27 to its real 
logarithm. 

This might have been directly deduced from equation 
(1) of Art. 80. For this is an equation of infinite degree 
and therefore it has an infinite number of roots, of which 
only one is real. 

It will be noted that the principal value of the 
logarithm (according to our extended definition) of a real 
number is equal to its ordinary algebraic logarithm. 


85. Logarithm of a negative quantity. In the result 
of Art. 83 put 8=0, and a=—a, where @ is a real 
positive quantity. 


“ +Va?+ 6?=+4+ 2, and tan e 


[which is an angle such that its cosine is oe ae. —1, 
and its sine zero (Art. 20)] is equal to sr. 

“. Log (— #) = 2nmi + log, # + m1, 
and log (— #) = log, #+ m1, 


LOGARITHMS OF COMPLEX QUANTITIES. 97 


Hence the principal value of the logarithm of a 
negative quantity —# (with our extended definition) is 
equal to the ordinary algebraic logarithm of x added 
on to 71. 


86. Logarithm of a quantity which is wholly imagin- 
ary. In the result of Art. 83 put «= 0, and we have 


Log (82) = 2nmi + log, 8 +2 3 


= log, 8 +i (2n +5) T, 


so that the logarithm of any quantity which is wholly 

imaginary consists of two parts, the first of which is real, 

and the second of which is imaginary and many-valued. 
As a particular case, put 8 = 1, and we have 


Log (V=1) =i (2n+ 5) “i 


so that the principal value of Log (V—1) is 5% 


87. In the result of Art. 83 put 
a=cos § and B =sin 0. 
.. Log (cos 6 +7 sin 0) 
=log,1+7(2nr + 0)= Ot + Qn, 
“. Log e% = 61 + 2nmt. 


The principal value of Log e”, +.¢. log e%, is therefore 
that value of (@ + 2n)i which is such that 6 + 2n lies 
between — 7 and + 7. 

L, T. IL 7 
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88, Ex. 1. Resolve into its real and imaginary parts the expression 
\ Log sin (x + yi). 
Let Log sin (4+ yi)=u+vi, so that 
evr — gin (~+yi)=sin 2 cos yi +cos x sin yi 


y —y ¥—e-v 
é ee $6 5062 ee (1). 


As in Art. 18 let the right-hand side of this expression equal 


=sin £ 


r [cos (2n7 + 6) +i sin (2nr+6)], 


y —Y\ 2 Y— e-V\ 3 
rata/ sinte (2 “ J teost a (£ > ) 


=4 A (ev + e-%”) —2 cos 2x 


a — cos 2 
=} ,/2 cosh 2y —2cos2r=, / =| 


ev—e-¥v 
So = tanct 
and 6=tan- [ cot a Ty =| = tan [cot z tanh y], 


so that 


with the usual restriction of Art. 20. 
We have then from (1) 


e (cos v+tsin v)=r[cos (2n7 +6) +i sin (2ne + 6)]. 

Hence e“=r, so that u=log,r, 
and v=2nr+0. 

“. Log sin (+ yi)=u+vi=log, r+ (Qna + Ajé 
=} log, [eer cose +i[2nr + tan (cot x tanh y)]. 
By putting n equal to zero, we have the principal value of 

Log sin (2 + iy). 
Ex. 2. Find the general value of Log (-3). 
Let «+yi=Log (— 38), so that 
e*tH= — 8, 


Put ~ 8=r {cos (2n7 + 6) +i sin (2nr+6)}, 
asin Art, 18, 


Then we have r=3 and @=7. 
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Hence 3 {cos (2nar +m) +isin (2nr+7)} 
setter, evizex {cosy+isiny}. 
Hence e*=3, so that =log, 3, and y=2nr+7. 
*. Log (—3)=log, 3+ (2nr + 7) 7. 
The principal value, obtained by putting n equal to zero, is 
log, 3+ wi. 


EXAMPLES. XTIL 
Prove that 
1, log (cos @+ésin 6)=10, if -r<0}7. 2. log(-—1)=71. 


3. log(-i)= - 5. 


4, log (1+cos 26 +7 sin 20) =log, (2 cos 0) +70, if -r<0}7. 


5, log tan G+ 34)= =itan— sinh 2. 
Lars 
2! 


6. logcos(x+yi)= g, (oe eres) —i tan) (tan ztanhy). 


sin(e+yi) 9., 4 
7. log cule aola 2i tan“ (cot z tanh y). 
c08 (t— Yt) _ 9. tan-1 hasnt 
8. ie i tan! (tan « tanh y). 


9. i log =" —2tan-! x. 


10. log (1+¢ tan a)=log, sec Z +ai, where a is a positive acute angle, 


11, log (—a 5i)= log, (Zeosee5 ) +74 G- 3): 


a+bi _ ans 
We log 7— bi = 27 tan a" 


13. Log (—5)=loge5 + (2nr +7) t. 
14, Log(1+i)= =} log, 2+ i (ann +5). 


15, Find the value of log log sin (x + yi). 
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89. Definition of a* when a and x are any 
quantities, complex or real. When a and @ are — 
quantities we know that 

a® = e'8.4, (Art. 5.) 

When a and @& are complex the ordinary algebraic 
definition of a* no longer holds. 

Let us so define it that 

eae se 


for all values of # and a, whether real or complex. 
Now, by Art. 83, Log a is many-valued and complex 
when a is complex. Hence a* is many-valued and com- 


plex, so that 
at = exLoga = @ (Qnmt+log a) 


The value of a” obtained by putting n equal to zero is 
called its principal value. 
Hence the principal value of a* 
— erica 


=lieloeas i (og a+... (by Art. 56). 


From Art. 59 it follows that if principal values be considered we 
have a* x a¥=a*+, so that the principal value of a* satisfies the ordinary 
algebraic law of indices. 


90. It may now * shewn that, if y be complex, 
log (1+y)=y— oy +5y—_y+ rere ad inf. 


The proof is similar to the proof when y is real. 
(Art. 8.) 
It is, in general, necessary that the modulus of y be <1; 
otherwise the Binomial Theorem does not-hold for com- 
plex quantities. (Art. 26.) 
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If the modulus of y be equal to unity, so that y may be put equal to 
cos ¢+isin ¢, the expansion can be shewn to be still true, except in the 
cases when ¢ is equal to an odd multiple of 7. 


Since Log(1+y)=2n7mi+ log(1+y), 
we have 


Log (1 +y)=2nmity—sytsy—zy'+ vecvee 1d IDE 


91. To separate inte its real and imaginary parts the 
expression (a + 82)**¥, 


Let a+ Bi=r(cos 6+ 7sin 8), 
so that, as in Art. 18, 
r=Ve+ Bi and 6= tan 2. 
Then, by definition, 
(a se Bit = g(ttyi) Log (a+ pty 
= pitty} flog (a+At) +2mnt 


= gittyt} flogr+ (0+2mm)t} 
= girlogr—y(0-+2mn) +i {ylogr+a(6+2mn)} 
= grloer e-y(0t+¢mn) | gilylogr+a(0+2mn)} 
= 7%, ev e+2m=) [cos fy log r+ x (8 + 2m7)} 
+ sin {ylog r+ a (8+ 2mm)}}. 


If we pub m equal to zero, we obtain the principal 
value of the given quantity, viz. 


r%e-¥ [cos (y log r + #8) +4 8in (y log r + #6)]. 


**99  Ex.1. Find the general value of [ ra =i =i, 
We have [af a IIV “teeN =1 Los =I, 
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But Log./-1=Log [ eos (2nn+ 3) +i sin (2045) ] 
w\. 
=Loge (2nn+5) ‘= (2n0+ 5) i. 


— us v 
& [fal ole (200 +2) ee Ce ' 
where » has any integral value. 


ey wT 
The principal value of fel - iW we or 


Ex. 2. Find the general value of Log, (—3). 

Let Log, (-—3)=a+ yi, so that 2*+7#= —3, 
i.e. e(z+vi) Log2 — 3 {cos (2mm +m) +i sin (2ma+7)} (Art. 20). 

But Log 2=2nri+log,2, and 3=e'%*, 

s, eet yi) Qnmi+log.2)_ ,log.3 |. (4mm+n) is 
“. (%@+yt) (Qnwi + log.2) =log.3 + (2max +7) 2. 
Equating real and imaginary parts, we have 
«log, 2—2nry =log, 3, 

and «.2nr+ylog,2=2mr+m. 


Solving, we have 
pm 08 3 log, 2+(2mr +7) .2nr 


(log, 2)?+ 42? z 
SX _ (2mm +7) log. 2 — 2nr log, 3 
x (log, 2)? + 4n2xr3 . 
Hence Log, (— 3) 


_ {log. 3 log, 2+ 2n (2m +1) w3} + im { (2m +1) log, 2 —2n log, 3} 
7 (log, 2)?-+ 42a? : 


If m=n=0, the principal value is obtained, viz. 


loge 3+ 7% 
log, 2 
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93. It could now be shewn that the general values 
of the logarithms of complex quantities satisfy the 
ordinary laws of logarithms, viz. 


Log mn = Log m + Log n, 
and Log = = Log m — Log n. 
It could also be shewn that Log m” =n Log m + 2pm, 


where p is some integer or zero. The proof is left as an 
exercise for the student. 


EXAMPLES. XIV. 
Prove that 


1, at=e—2"" {cos (log a) +i sin (log a)}. 


9. i*=cos {(2m+5) ral +7 sin {(2m+5) ral 5 


3, i#=cos@+isin 0, where 
Tw 
0= (2m + 5) T. o— (20 45) . 
4, If #1" — 44 Bi, principal values only being considered, prove 


wA 8B a Fo TT 
tan > =7Z> and 4°+Bi=e - 


5, Ifit+fi=a+ i, prove that 
a? + 62=e— Gn t1) 7B, 


gi 
Goeclé Gee eae, prove that one value of tan E is 
i 
gmt log, 2. 
7, If (a+bi)?=m**, prove that one of the values of - ig 


2 tan71 Z 
a 


fog, (a?+ 0") ° 
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8. If a**8!=(e+yi)?+, principal values only being considered, 
prove that 


a=5p loga (2?+y?) —q tan—1¥ logs éy 


ap+Pq- 
P+q 


9. Prove that the real part of the principal value of (i) 2 0+8 fg 


a - 
é 8 cos G log 2). 


and that log, (27+ y?) =2 


10. Prove that the principal value of (a+ ip)2*%8 is wholly real or 
wholly imaginary according as 


ea lop (a?+ b?) +a tan? 
2 a 
is an even or an odd multiple of 5 


11. Prove that the general value of 
(1+7 tan a)-* 
is e* 2m Teos {log cos a} +i sin {log cos a}]. 


at+a+ty A+péi 


: =X+iY, 
a-x-ty 


12, If ( 
prove that one of the values of 


Y; 2ay By (a+a)2+y2 
peo Ge (ee ie 
tan xs tan (a) + 3 10 (a—a)yitya" 


13. Prove that Log = (Viele at ; 


where m and n are any integers, 


14, Prove that the general value of Log, (— 2) is 
(log 2)?+m . (Qn +1) 7? i (2n+1—%m) wr log 2 
2 (log2)?+2m2n2  +* 9 (log 2)? 2m?7r2 * 


Explain the fallacies in the following arguments: 


15, For all integral values of n we have 


ertrt — cos Ine +isin 2n7r=1, 


so that 21 — efi _ .6mi 
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Raise all these quantities to the power /-1; thus 
e— 2" — ¢—4 — e br 
eal AM 4 w= Om = cccnces 
16. For all values of 6 we have 
cos (9 — x) + isin (9 — x)=cos (0+ 7) +isin (+7), 
so that ef (8-7) — gi Ot), 
Hence 6-7r=0+7, t.e. r=0, 


17. If 6 and ¢ be the principal values of the amplitudes of two 
complex numbers x and y, prove that 
log ay =log «+log y + 2nxi, 


where n is —1, 0, or +1 according as 0+¢is >z, greater than — and 
not greater than zm, and not greater than — a, respectively. 


CHAPTER VII. 
GREGORY'S SERIES. CALCULATION OF THE VALUE OF 7. 


94. Gregory’s Series. To prove that, uf 0 be not 
less than —jand be not greater than +3 , then 


@ = tan 8 — 5 tan’ 8 + © tan* 6 — Hee ad inf, 
We have 
1+? tan 0=sec 6 (cos 6 +7 sin 0) 
= sec 6. e%, 


Hence, by Art. 83, we have 
log, sec 6 + 61 = log (1 +1 tan 6), 


Therefore, by Art. 90, if tan@ be numerically not 
greater than unity, we have 


log, (sec @) + Oi = log (1 + 7 tan 0) 


=itan O— 5 ¢ tant O45 Ptan’6— 


; 1 1. 1 
= stan 0 +5 tan’ @— si tan’? —7 tant 6+ 
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Equating the imaginary parts on each side of this 
equation, we have 
6 =tan 6 — = tan*6 += tan® 0-5 tan’ 0+... ad inf... 
eeoeeoeee (1). 


Since this series is true for acute angles such that the 
tangent is not numerically greater than unity it is true 


' for all angles lying between the values -4 and +7 and 


also for the extreme values -7 and + # 


95. The series of the last article may be slightly 
transformed by writing tan =a, so that # must be not 
less than — 1 and not greater than 1. 


It then becomes 
gpa 1 io tie 
tan-*x=x- sx + ox = 5 
where tan a is that value which lies between 


i T T 
nar and a Ye 


96. Gregory’s Series is a particular case of a more 
general theorem which may be enunciated as follows: 
vis 


4 


7 


Tf 0 be an angle which lies between pr — 7 and pr+ 7, 


both limits being admissible, then 


@— pr =tan 0 — 5 tan? O45 tant 8 — 1... ad inf. 
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For let 6 = p72 + ¢, where ¢ is not greater than a and 


not less than — 7: 


Then 1 +7 tan 0=1+4+% tan ¢ =sec $ (cos d +7 sin ) 
=sec . e%, 
_ Hence, by Arts. 83 and 90, we have, provided that 
tan @ be numerically not greater than unity, 


log, sec @ + gi = log (1 +7 tan 6) 
=ttan 0 — oe tant 0-43 tan? O—s.ce 


. 


1 ie: 
Teas tae = 5A 
3 ¢ tan 6+] tan 6+ 51 tan’ 0 vee 


=itan 0+ 5 tan? 0 — 


Equating the imaginary parts on both sides of this 
equation we have 


p= tan 6 — = tant + > tan? Oo... ad inf, 


5 tan" 6 += tant 0—...ad inf... (1), 


1.@. 0—pr=tan 6— 
97, Examples of particular cases. 
If @ lie between = and ri i.e. between wT and w+i, we have 
p=1 and equation (1) of the preceding article becomes 


@-m=tan 0— tant 9+ > tant @ — apeesaees ad inf, 


aT 


If 6 lie between & and i.e, between 2a — a 


and 27+ 7 , the equa- 


tion becomes 


@-2=tan 9-5 tant 0+ tant 9— a od ink 
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134 llr 


Similarly, if 6 lie between ——— and — oi t.e. between — -3r-4 and 
-8r+4, we have p= — 3, and the equation becomes 
6+37r=tan Bae recesses, Od inf, 
98. If @ lie between 7 = es —-, or between 
Sar and “tn 
A 4 p eeecce 
or, generally, between 
31 
nv +— and n7r+ —- 
+ 4 a5 4 3’ 


tan @ is numerically greater than unity; in these cases 
the expansion of log (1 +7 tan @) does not hold, and there 
is no such expansion as equation (1) of Art. 96. 


99. Value of 7. One of the chief uses of Gregory's 
series is its application to find the value of 7. 
In Art. 95 put «=1, and we have 


Pep ey 


471 375 7t9 coeoe e 

= 373) 7-5) ad) 

~ =(5 5 -(7 9 -(7; fy ie 
1 1 1 

ae 2|s5 Parcne 1119 a0: |. 


This series may be used to calculate 7; its defect 
however is that the successive terms do not rapidly 
become small, so that a very large number of terms would 
have to be taken to obtain the value of a correct to any 
great degree of accuracy. 

For this reason other series have been sought for. 
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100. Euler’s Series. We can easily prove that 


| 
pa Se ee 
tan 5 + tan ere 
In Art. 95 put in succession 2 equal to 
i 1 
g ands, 
and we have ~ 
Religie J ae! 
4 — ban 9 + tan 3 
Ser eae ht 
“93° ts: 3 7 or eeccce 
pe SS oe Pe GP 
3 3°38 ge 7: Br teense 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 


tan 5 would have to be taken to give m correct to 7 


places of decimals. 


101. Machin’s Series. A more convergent series 
than the preceding is Machin’s, which is derived from the 
expression 


4 tan -—tan— ie =4 (Art. 240, Part I, Ex. 4). 


By substituting in succession = and 555 for # in Art. 


95, we have 
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ea | 93 125 4197 
ae 
mane E 3101 510° 710° 7 | 
‘% Ene eee 
239 8 239° 5 2395 — =) 
tng 
N ae 
Ow 16 x 10 oe 
1 2 
16 x =.75= “001024 
16x 1.2 = -coo0009 
i= 102 
toi 
4x 5-933 ‘0000000977 
3:2010250079 
Also 16 ae 2 _ 0426666666 
3° 108 ie 
16x21, 7 = -0000292571 
7 A eee 
16x =." = 0000000298 
11°10" eee 


a 
4x 339 = 0167364017... 


0594323552 
Hence 3:2010250079 
— 0594323552 
T= 3°14159265/27 


This is the value of 7 correct to 8 places of decimals. 
By taking the first series to 21 terms and the second 
series to three terms we should get 7 correct to sixteen 


places, 
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102. Rutherford’s Series. A further simplification 
of Machin’s formula is the cae 


1 Ih | Gr 
ay) RE ty = = 
4 tan F tan 70 t tan 9 4° 
For we have 
1 1 
1 1 70 99 29 
So al -1 <= 1 = —1 
tan 70 tan 99 tan : 1 ea) tan 6931 
+ 70°99 
eae 
* 239° 


EXAMPLES. XV. 
Assuming that 


: 6—ne=tan 9—1 ten? 9+ tan’ 6 =... 


3 5 
write down the value of n when @ lies between 
1 Be ona BE, a ona 
3, end 4, -=T ond - 
5a and 


6. Prove that 


1 
r=23 {1-5 5.33 — 733 aye 
7, Prove that 


Pe ere Ce 
4-377 73 \3s* a) ts get qe) 


8. If «be <,/2—1, prove that 
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Find the value of wr to three places of decimals 


9. 
10. 
11. 
12. 


18. 


By using Euler’s Series, 
By using Machin’s Series. 
By using Rutherford’s Series, 


To the second order of small quantities, prove that 
: J 1+sin 6 log (1-6) + tan— 6 sin (J + 0) =VEot, 


When both @ and tan—! (sec @) lie between 0 and ; , prove that 


Cigp 61 a 
tan~? (sec @)= Gt tan? 373 tan® > +5 fant? 5 — seve - 
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CHAPTER VIIL 
SUMMATION OF SERIES, EXPANSIONS IN SERIES. 


103. ° WE shall now apply the results of the preceding 
chapters to the summation of some trigonometrical series. 
The chief series may be divided into four classes ; 

(1) Those depending for their summation on a 
Geometrical Progression ultimately, 

(2) Those depending ultimately on the Binomial 
Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, 
and (4) Those depending ultimately on the Logarithmic 
Series and, as a sub-case, Gregory’s Series. 


104. In Arts, 105—108 we shall sum one example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sines 
of multiple angles (such as sina, sin 2a, sin 8a...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 


(t.€. cos a, cos 2a, cos 3a...), 


The method will be best seen by a careful study of the 
following four articles, 
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105. Ex. Sum to n terms, and to injinity, the series 
1+¢ cos a+ cos 2a+...000, 
where c ts less than unity. 
Let ; 
C=1+ccosa+c*cos2a+...+c"cos(n—1)a...... (1), 
and 


S=csina+ce'sin 2a+...... +¢e% "sin (n—1) a.....00. (2). 


Multiplying (2) by ¢ and adding to (1), we have 
C+ S=1+¢(cosa+isin a) + (cos 2a+7sin 2a) + ...00 
=1+ce*¥t+ cet + ...ter tenet (Art, 62) 
= es by summing the @p., 
_ (1 —cre*) (1 — ce) 
~ (1—ce) (1 — ce") 
a la ce~* — cr enat ae cht e(n—1) af 
— l-cet*+e“*)teq 


i 


= 3 ea 
eae nan foos (r 


1 — 2c cosa+c? 
Hence, by equating real and imaginary parts, we have 


o=! —ccos a—c"cos na+c"* cos (n —1)a 
1—2ccosat+¢e : 


ars csina —c"sin na + c™ sin (n— 1) a 
an = : 
1—2ccosa+¢ 


The sum to infinity is obtained by omitting the terms 
containing c* and c"+}, which become indefinitely small 
when n is very great, 

8—2 
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1—ccosa 
Hence 06 = 796 cos ate 


c sin @ 
a S, = 1 — 2c cosa+c?" 


From the results for C and S it is now clear that the above series 
might have been summed, without the use of imaginary quantities, by 
multiplying both sides of (1) and (2) by the quantity 1-2ccosa+c% 
The coefficients of ¢*, c®......c*-1 would then be found to vanish and the 
values of C and S be easily obtained. 


106. Ex. Suwm the series 


23 1.3.5 : 
2. 3.45" 20+ 57 ro g sin Ba +... . ad inf, 


i Thea nga 3 th ate 
Let S= 5 sina + 24 sin 2a+ 57% LG 


g nat 


sin 3a +..., 


1 1.3 1.3.5 
and C= I+5 cosat 5G g 008 24+ 5 "ey: 


Hence, multiplying the first by i and adding to the 
second, we have 
1.3 1.3.5 


4 1 at at 
C+S= 1+5e +54? +oas 
= (1 — e*)-4, if a+ 2Qnz7, 
by the Binomial Theorem. (Art. 26.) 


“ C+ Si= {1 — cos a —isin a}-4 
a\)-3 
= tapi 


cos 8a+.... 


Gees 


iw) 

m 

me 

ae 
Se 
ns 

} 

i.) 

n 
Ua 
bo| 2 

| 

R ro| 3 
SF, 

+ 

2. 

cep 

=| 
aga 
bo| 
bo! 
Se 
| 
ee 


bo 
Me 
a 
a 
es 
} 
° 
m 
Laas 
| 
e) | 
Se 
+ 
2 
mM 
= 
6B 
| 
2 


SUMMATION OF SERIES. 117 


Hence, by equating real and imaginary parts, we have 


i ae T= 0 
C= {2 sin 4 cos, 


a ase i 
and s= {2 sin St sin —7—. 


If a= 2n7, clearly S=0 and C=o, 


EXAMPLES. XVI. 


Sum the series 


1 
1, sin a+3sin 2a +55 Sin 3a+ wiles ad inf, 
9. cosa. cosa+cos? a cos 2a+cos* a cos 3a +...... ad inf, 
3. sina.sina+sin?a sin 2a+sin'asin3a+...... adinf., where a+ +5. 
4, sina. cosa+sin?a, cos 2a+sin3a.cos3a+...... ad inf., 
where a +3 : 
5, sin a+e sin (a+§)+c? sin (2+28)+...... to m terms and ad inf. 
6, 1+ccosha+c? cosh 2a+......+¢*%' cosh (n-1)a. 
7, csinha+c? sinh 2a+...... sir gente ad inf. 
8, 1-2cosa+3cos 2a—4cos3a+...... to n terms. 


9, 3sina+5 sin2a+7 sin 3a+...... to n terms. 


10. When a=z , find what are the values of the series in Exs. 3 


a 


1], sina+nsin(a+f)+ 


n being a positive integer. 


) gin (a+28)+...... to (n+1) terms, 


12. sin zee sin aay sin 5a+.,..... ad inf. 


2 2.4 
13. cos"a—ncos*—} a cos a+ - . - cos”? a cos 2a...to (n+ 1) terms, 
n being a positive integer. 
14. nsina+- aint’) nel) gin 2a FF) (+9) gin 3a 4 ance ad inf. 
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15. 1+5 * cos 20-5" cos 40 + 5g 008 60- Sea eus ad inf. 


16. sinhu+n sinh 2u+ se Lint Serb Eseses to n+ 1 terms, where n 


is a positive integer. 


107. Ex. Sum the series 
1 c?cos 26 ctcos 48 
+ |2 [4 + eceose¢ 
POS ie ae vedanta 


c’sgin26@ ~~ ctsin 40 
+ + 


and S= 2 e oseot OG INL Lee 
Hence ei 
C+Si “2 ae + ss... ad inf. 


“145+ att i. 


where y=ce%=c(cos 6 +¢sin 6). 


P Ss ig eda 
~ C+ = 9 
1 ¢ cos 6+%e sin @ 1 —c cos 6—icsin 0 
==-é + OY eeeascoeeecs (3) 


= : e°°S 9 cos (c sin @) +4 sin (c sin 6)] 


ae 2 e-° 8 8 cos (c sin 0) —isin (csin 6)]. (Art. 62.) 


By equating real and imaginary parts we therefore 
have 


C= : cos (¢ sin 8) [e°%8? 4+ ees #) 


= cos (¢ sin @) cosh (c cos 6), 
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and S= sin (c sin 0) [e° cos __ g—c cos *) 
= sin (¢ sin 6) sinh (c cos @). 


Aliter. From (3) we have 
Cd te Sa =5 ete sin 6—%6 cos 8)% 28 = em (e sin 0—ic cos 0)é 
=cos(csin@—iccos@) (Art. 62) 


= [cos(csin @)cos (tccos )+sin (csin 8) sin (tecos #)] 
= [cos (csin @)cosh(ccos @)+7sin(csin @) sinh (¢ cos @)] 


(Art. 68). 
Hence C and S as before. 
108. Ex. Sum the two series 
2 
esina +5 sin 2a +5 sin BAA seeeee ad inf, 
C¢ e 4 
and ecosat+ 5 008 2a+ 3 COS 3a +......ad inf., 


where c is numerically not greater than unity. 
Let S and C stand for these two series; then, as 
before, we have 


2 
C+ Si=c(cosa+isina) +5 (cos 2a +4 sin 2a) + ee 
pan ¢ 2at G t 
=coh+ oem t+ ge Pisveceseas Saceeens (1) 
=—log [1 —ce%] (by Art. 90)  ssseceeereee (2) 
=—log [1 —¢ cos a—1c sin 4] (Art. 62). 


Let 1—ccosa=rcos 6, and —csina=r sin 0, 


so that 
1—ccosa 


r=+V1—2ccosat c, sta — 3 
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and 


csina , —csina 


in @=— 2.e. @= tan 
sin @ ; 1—ccosa’ 


with the convention of Art. 20. 


“ 0+ Si=—log [V1 — 2c cosat c? (cos 8 + isin 6)] 
= —log [V1 — 2c cosa tc. e%] 
=—log V1 — 2c cos a +? — 01. 


is C= —log J = Be cosa + #) =— 5 log (1 — 2c cosa +c?) 


—csina 
and SS ore (—*) sscersees(B) 
Exceptional cases. When c=1, the quantity (2) 
=—log[1—cosa—tsina]=—log[1+cos(a—2)+ésin(a—z)]. 
This, by Art. 90, is always equal to the series (1) 


except when a — 7 is equal to (2n+1) a, te. except when 
ais a multiple of 27. 


In this case S=0, 


tM os a | 
and Clas ta tat eevcoes 


which is known to be a divergent series. 
When c =~—1, the quantity (2) 
=—log[1+cosa+¢sin a], 


This by Art. 90 is always equal to the series (1) 
except when a=(2n + 1) 7. 


In this case S = 0, and 
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The results (3) and (4) give then the sum of the two 
series except when (1) c=1 and a= 2nz, (2)c=—1 and 
a=(2n +1) 7, and (3) whence >1. 

In examples depending on the logarithm series it will 
be often found that for some particular values of the angle 
there is no sum. 


Particular case. Let c=cos a, where a lies between 


0 and = so that 


S=cosa.sin a +5 cost sin 2a +5 cos? a Sin Ba +eeee 


In this case 


S =—tan7 ( 


— sin @cos a 


=, by (4), 


sin? @ 


= — tan™ (— cot a) 


Tv 
==— (a _ 5) ; 
remembering the convention mentioned above, 


=~——4 


EXAMPLES, XVII. 


Sum the series 
2 


1, sina+csin (a+) + 5 sin (a+28)+...... ad inf, 


a 
2 
9, cosa+c cos (a+) +5 008 (a +28) + 000.0 ad inf, 
2 3 
3. 1-cosa coss re © 909.28 — = * C08 BB +o... ad inf. 


2 3 
SE ink 
ae ana Oe ad eoseee ° 


2 


4, sina 


10. 
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cos (a-+28) , cos(a+48) 
AGT elt Sd BR ee UE Pl 
5 6 
cosh2a  cosh3a 
2 le 
sinh 2a ds ad inf. 


2 iB 


1+ eS cos (sin a) + 2 220084 oog (2sina)+...... ad inf. 


COB a — 


1+cosha + “FB edeses ad inf. 


r ezsina eosin a 
1+ e804 gos (cos a) + iB cos (2 cos a) + 3 cos (3cosa)+...... 
Ge IE 
ad inf. 
S008 0 CET Cane, ene ad taf 
1 3 {5 


{In the following examples c may be assumed to be positive and not 
greater than unity; when c equals unity there will be, as in Art. 108, 
exceptional cases for some values of the angle a.] 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


cb 
esina~Ssin2a+© sin 3a— eae ad inf, 
7 Lee Lae ‘ 
esina +5 c? sin 8a +; c* sin ba + apes ad inf, 
1 1 2 
c COS a on c® Gos Ba+zce cos 5a+...... ad inf, 
1 1 : 
c COS a — 3° cos 3a +pe cos 5a—...... ad inf, 


c sina — es sin 3a +30 sin 5a—...... ad inf, 


COs a — Ly cos ae cor re —.e.... Ad inf. 


3 5 

1 1 : 
c Cos a — 3c? Gos (a + 28) +5 c? cos (a+ 48) — Schone ad inf. 
: : Use ; ily te : : 
sin a sinB+5 sin 2a sin 2B +5 sin 3a sin 38+...... ad inf, 


c sin? a5 c? gin? 2a+3 8 sin? 3a — 


sinh a — : sinh 20+ einh 3a—...... ad inf. 
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21. e*cosB- . e* cos 3B+5 e cos 5B—...... ad inf, 


1 
22. 008 + 5 c08 + F008 + 2 008 + sae ad inf, 


el as aac een 
93. If @-—a=tan’ 3 sin 20 3 tan 3 
prove that tan a=tan 0 . cos w. 
24, If @ and ¢ be positive acute angles prove that the sum of the 
series 


sin 49 +7 tant sin 60 —... ad inf. 


sin 6 cos o+5 sin 36 cos 89+ z6in 56 CoB 5h + cose. Ad inf. 


x 
4 
Prove that 


is — or 0, according as 0 > or < ¢. 
1 1 
25, tanh z+ g tanh? a+ tanh #+...... 


=tan 2-5 tan? 2+ tan? 2 —....., Where 2 lies between —7 and +~ 


i: 
26. 2sin?@ 4 sint 945 . 8 sin’ 6+... 
=2 (ton0+5 tan® O45 tan! 9 + =) » where @ lies between 


v T 
=a and +7. 
i ie: se 
O7s sin 6 +5 sin? 0+ = SiN” A+... 


=3 (sin os ain 3045 gin 50 — eg , where 04(2n+1) =. 

109. We subjoin some examples of series which come 
under neither of the foregoing heads nor under that of 
Chapter XIX., Part I. In general they are to be summed 
by the artifice of splitting each term into the difference of 
two terms. Considerable ingenuity is often required. When 
the answer is known the method of summation can usually 
be easily seen; for the answer when m is put equal to 
unity gives the form in which the first term of the series 


has to be put. 
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Ex. 1. Sum ton terms the series 
6 6 6 
ips — 573 2 a73y38 _ 
sip’ 3t8sin gts sin’ gat a 


Since always sin 3=3 sin @—4sin* ¢, we have 


ne Gat) 


8. sin’ & 7-8-[8sing ain ;— sing | = 7[® sin o —3 sin 4 ; 


32 sin’ & =7 te sin 5 — 3? gin ae 


OOD CSO OOOO OTL OHS HOD OOD OHS HSS COS EOE TOE ESTEE EES EOS EOS OOS HOES OE HES EEE EES EES EOD 


Br Ome L- Soy 6 
os rin = 3 | 8 3 5r-i 


Hence, by addition, the required sum 
1 «Oe ee 
=; | asin p-sing |. 
Also the sum to infinity 
1 
=] [@—sin 9]. (Art. 228, Part I.) 


Ex. 2. Sum the series 


tan a+ 2 tan 2a +27 tan 27a + ......+2"-1 tan 2"-1 a, 


We have easily 
tan a=cot a—2 cot 2a, 
tan 2a=cot 2a — 2 cot 2%a, 
tan 274 = cot 27a — 2 cot 28a, 
and tan 2"—1 a= cot 2*-1¢ — 2 cot 2%a, 


By multiplying these rows in succession by 1, 2, PR Ree Soc 2"-1 we have 
tan a+2 tan 2a +27 tan 27a+......4+2"-1 tan 2"1a=cota—2” cot 2a, 
the other terms all disappearing. 
The required sum therefore=cot a—2" cot 2"a. 
Ex. 3. Sum the series 


tan atan (a+ 8) + tan (a+ 8) tan (a +28) + tan (a +28) tan (a +38) +...... 
to n terms, 


¥ 
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Let u,=the rth term, i.e. 
t —1)p}t 
- (up-+1) tan g Ti a es 
=([1+ tan {a+(r—1) 8} tan {a+78}]x tan [a+r8— (a+ r—16)] 
=tan{a+rp} —tan{a+r—18}. [Art. 98, Part I.] 
Hence giving r in succession the values 1, 2,...... n, we have 
(1+ u,) tan B=tan (2+) —tana, 
(1+,) ian 8=tan (a +28) —tan (a+), 
(1+u,) tan 8=tan {a+n8} - tan {a+(n—1) B}. 
Hence, by addition, 
(n+S,,) tan B=tan (a +n) —tan a, 
tan (a+nB) —tana—ntan B 


so that so= ang 


EXAMPLES. XVIII: 


Sum the series 
1. cosec 6+ cosec 20+ cosec 40+...... to n terms. 


cosee 6 cosec 26+ cosec 20 cosec 36+ cosec 36 cosec 46 +...... 
to n terms. 


2 
3. sec 9 sec 26 + sec 20 sec 36 + sec 39 sec 40+...... to n terms. 
4, sec 0 sec (9+¢) +sec (0 +¢) sec (0 + 26) + sec (0 + 2) sec (0 +3¢) 
sbeesaises to n terms, 
1 1 is 1 
cos a+cos 3a Hi cosa+cos5a cosa+cos 7a 
1 1 0 


6. tand+= sagt ate ats gj HAD Set eee ad inf. 


7, tanhéd+= 5 tanh + 3 tanh 5 +5 L potanh Sob an. to nm terms. 


8, tan @ sec 20+ tan 20 sec 46 + tan 40 sec 80+...... to n terms. 


7] 6 0 6 0 
g, tan 3 sec 0+ tan rr) sec gt tan ap sec jt seoree $0 ”% terms and to 
infinity. 
ul il 1 


10. 20050 + BF cond cos 20 * BF cos 8 cos 20 cos Bt 10 HOTS. 
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11, sin 26 cos? 6 — - sin 46 cos? 2044 sin 86 cos? 40 —...... to n terms, 


12. sin 26 sin? O+5 sin 40 sin?20+7 sin 8@ sin? 460+.,..... to m terms. 


sin 0 sin 20 sin 36 


13. cos 6+¢08 26 cosé+cos 40 cos 0 +cos 60 


TP ceenee to n terms. 
il 1 
14, tan?a tan 2a+— 3 tan? 2a tan 4a +5 5g tan? 4a tan 8a+..... to n terms. 


15, cos? @ — - cos? 36+ — - =; COs? 326 — 1 cos* 339+...... to n terms. 


3 3? 38 
wee, Sag) road 
16. sin? 5+ 3 sin? 3+ 3? sin? 55 +...... to n terms. 
al 3 32 
17. cot 6—3 tan 6 a cot 36 — 3 tan 30 3 cot 379 —3 tan 379° wee 
to n terms. 
cos 6 — cos 36 cos 39 —c0s376 |, cos 370 — cos 339 
18. —~n80 + ® —“aingig “gin gag St = 
to n terms. 
19, tan-?——_— a + tan-} e + tan ce + tont 
; T55.4 1+8.9 116.167 2 


1 il 1 
20, tan! eo tan—) qt tan—1 igt tan-1 as SDeese to n terms, 


1 2 1 
Ohl wer seacee + taD— Le aa pmesncnas Cal ae 
BLE, 
12 
in NeaNn-1 n-1 


+8 soooee OG inf, 
Vn (n+1) hi “s 


22. sin Ee gin-) n/2— 


/2 v6 


ae sin 


Expansions. 


110. In some branches of higher Mathematics it is 
desirable to be able to expand certain quantities in a 
series of ascending powers. 


As an example we will expand 
log (1 — 2a cos 0+ a?) 
in ascending powers of a. 
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Since 2 cos 6 = e% + e-%, 
we have 
log (1 — 2a cos 6 + a*) = log [1 —a (e* + e-) + a4] 
= log [(1 — ae®) (1 — ae~*)] 
= log (1 — ae”) + log (1 — ae) 


=— ae* — 5 ate atest : Ae esas s0 


ieeg | ee |: 
— 3—20% 85—36¢ 
— ae — — 6 TIC: i) 
2 3 


=—a[e% +e] — - a? [e248 4. @-264] — at [68% 4 e307] 


seseoecece 


2 


The expansion of log (1 — ae”) is legitimate, by Art. 
90, if the modulus of — ae” be less than unity. 

Now —ae%=a {cos(r+ 6)+ isin (7+ O)}, 
so that its modulus is equal to a. Hence the above 
expansion is legitimate provided that a is less than unity. 

The expansion is also legitimate if a be equal to unity, 
provided that @ do not equal an even multiple of z. 

It is also legitimate if a be equal to —1 and @ do not 
equal an odd multiple of 7. 


=—2 E cos 6 + Le cos 20 + 5 a* cos 30+ oui 


111. Ex. Lapand 
1-a@ 
1 — 2a cos 6 +a? 


in a series of ascending powers of a. 


128 ; TRIGONOMETRY. 


We have 
1—a? aS de 2 — 2a cos 0 
1 — 2a cos 8 + a? 1 — 2a cos 0 + a? 
2—a(e% +e) 
l-a(e*+e") + a? 
2—a(e® + e—*) 
(1 — ae") (1 — ae") 
1 1 
rr ae~% 
=—14(1= ae) 4(1 —a6-%) 
=—14+1+4 ae%+ ae +0822 + 10. 
+ 1+ ae + are + gte3% 4, 
=1+a(e% + 6) + a3 (6% + eM) +... 
= 1+ 2a cos 6 + 2a? cos 20 + 2a? cos 36 +... ad inf, 
The expansions of (1 —ae®)— and (1 — ae~*) by the 
Binomial Theorem are legitimate if the modulus of ae% be 
less than unity, ie. if @ be numerically <1, but not 
otherwise. (Art. 26.) 
The above series is the one assumed in Art. 49. 


Similarly we can deduce the series of Art. 48. For 
we have 


=i 


2a sin 0 sad a (e% — e~%) 
1 — @ t1l—a(e*+e) +a) 


ae™ — ae-% ad Le pend 
) (1 — ae") (1—- ae) it | 1—ae% 1—ae-% 


= rae se ae% + @7e2% Py )- (1 <p ae~% a aze—28i ao ..)} 


| ed 


= 3 sin @ + 2a? sin 26 + 2a sin 36 + 


As before this expansion is legitimate only if a <1. 


EXPANSIONS. 129 


112. Ex. If sinz=nsin(a+a), expand x in a 
series of ascending powers of n, where n rs less than unity. 

Since 

sin #=nsin (a+ x«)=n (sina cos # + cosa sin 2), 
nsin a 

1—ncosa’ 
e—e* nisina 
e+e T—neosa’ 
e 1—ncosatnisina 1—ne* 

** ea ~T—neosa—msina 1—ne*’ 
“. 2a% =log (1 — ne~**) — log (1 — ne) 


aieal a 


1 oo | ; 
= — ne—*! — — nig—%* — — niet — .,,.., 
9 3 


+ne* +5 nierat + nes oe Seoee 


=n (e* a Gan) a tr (e* a= eat) 


+ on (Oe) as 5 ad inf. 
=n. 2isina +57? 2isin 204 5n*, isin Bat... 
eA a=nsina+5n'sin 20+ 5 nt sin 3a + ihigits cE 


In this equation we have assumed «# to lie between 
- 5 and + 5 : if it do not, then, instead of 21, we should 


read 2ki+ 2at; the left hand of equation (1) would then 
be a-+km, and we must choose & so that «+k shall lie 

7 T 
between — 5 and + 3° 


As before the expansions are legitimate if n be < unity. 
LT. 1. 9 
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113. Ex. Hapand e” cos bx in a series of ascending 


powers of «. 
We have by 
bat se 
e cos ba = 6% . © ae os 


= : elatbie 4 : e(a—bijz 


E E +(a+ bi)a + 


Grits Gn 


2 es 


5 E FG lbye = ee rel 


(2 
The coefficient of a” 
_ (a+bi"+(a— bi)” 
ae a in _ 
Ifa +bi=r (cos a+ ‘sin a), so that 
r=+ Va?+ 8? and tan a=, 
with the convention of Art. 20, then the coefficient of a” 


{r (cos a +7 sin a)}" + {r (cos a—isina)}" 
2 |n 


pn COS Na 
|n 
by De Moivre’s Theorem. 
Hence we have 


’ 


7 cos 2a r® cos 38a 
Beetie Se 


r=+%Vo?+ 6? and tan a=2. 


e” cos ba=1+recosa.a+ 


bee away 


where 


This expansion is legitimate for all values of a, b, and 
w. (Art. 57.) 
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EXAMPLES. XIX, 


Expand in an infinite series 


1+acos@ cos 8—acos (0 - ¢) 


1. 1+ 2a cos 6+ a2* 3. 1-2acos¢+a? * 
sin 6—a sin (@—- ¢) acos¢ < 
8. nase. 4, e cos (9+a sin ¢). 
5. e gin ba. 
Prove that 
: 1 1 
— 39~~¢@2sjn2 = 239- 
6. log costo; Bann c sin? 8 go" sin 20+ 8 sin 30 fh 
where aE 
a+b 
_, asiné Ne Shp Mapes : 
7, tan Toacoso7 2 8in O+ 3g vsin 20+5 @ sin 30 +.,..... ad inf, 
eer : Ding 

8. g tan 1 (sin a tan 28) =sin a tan B+, sin 3a tan’ 6 

+z8in 5a tan B+ ...... ad inf. 
9. If sin 6=2z cos (0+a), expand @ in a series of ascending powers 

of x. 
10, Expand y in terms of cosa, where 
2 tan y=sin x eoseo ~*~ coseo ~—*, 
1-n 

ll. Iftanz=n tany, and m= = ., prove that 


l+n 


; Lh m . - 
2+rr=y-—m sin 2y +> sin 4y — sin 6y +...... ad inf., 


where r is to be so chosen that x+ra—y lies between -5 and + 5 “ 


12. 


What does the series of the preceding question become when 


(1) n=cos a, and (2) n=? 


13. 


os 2a 


Expand log cos G +0) in @ series of sines and cosines of 


ascending multiples of 0. 


9—2 


132 TRIGONOMETRY. [Exs. XIX.) 


14, Expand log tan G + 5) in a series of sines of ascending multiples 
of 6. 
15. Prove that 
(1+e% tan a) (1+e— tan a) (1+e™ cota) (1+ e—™ cot a) 
=4 (sec B+ cos 6)?, 


where B= 3 —2a. 


Hence expand log (1+cos 8 cos @) in a series of cosines of multiples 
of 0. 


16, Prove that 


2a cos 0 
1—2a sin 6+a? 


17, Prove that 


= 2a cos 6 + 2a? sin 20 — 2a’ cos 30 — 2a‘ sin 46+...... ad inf. 


log cos 6= — log 2+cos 20-5 cos 40+2 00860... ad inf., — 


if @ be an angle whose cosine is positive, 


18. In any triangle where a>6, prove that 


b 133 1B 
logc=loga—~ cos0-5 Ga 008 20 — 


3 qs 008 BC .=sicece ad inf, 


[ we have c?=a?+ 6?— 2ab cos C=a? (a = =) (a = e).] 


19, Prove that the coefficient of 2* in the expansion of 


e* gin bz + e* gin ax 
in powers of a is 


” 
2(a7+b%)? 2 ne nt 3 b 
Sere eS sel eee -1_ 
In sin Z cos 3/2 2 tan |: 


20. Prove that the coefficient of c* in the expansion of 
log (a8 + b3 + c3 — 3abc) 


is 1f(-1)= 2cos n6 
n iene aan WO 
ye [ern (a? +b? - oil 


hi =——/3, 
where tan 0 a Jf3 


CHAPTER IX. 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 
SIN @ AND cos 6, 


114. We know from Algebra that, if P be any 
expression containing # and if the value «=a would 
make P vanish, then x—a is a factor of P. 


Hence to find the factors of any expression P we first 
solve the equation P=0. Also if P be of the nth degree 
we know that there are only n solutions of the equation 
P=0. If the roots thus found are a, B,¥,...... «x, we know 
that «—a, «—B,...... z—« are factors of the expression P 
and that there are no other factors which contain a. 

We shall apply this method in the following articles. 


115. To resolve into factors the expression 
xo” — 22” cos nO +1. 
We have first to solve the equation 
x — 22" cos nd +1 =0, 
1.6. ee” — 2" cos nO + cos? nO = — sin? nA, 
so that x —cosnd = +V—1 sin n8, 


and therefore 


1 
a = [cos nO +V¥—1 sin nd}. 
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As in Art, 24 the values of this expression are the 2n 
quantities 


cos 6+ 7sin 0, cos(0 +=) +isin (6 +=), 
n n 
008 (0+) isin (0+ 97), oesnn 
nN n 


cos {9 + =) tisin {9 =C—O 7h 


Taking the first pair of these quantities we have the 
corresponding factors 


x —cos@—isin@ and #—cos@+isin 86, 


or, in one factor, 
(a — cos 0)? + sin? 8, 


ae. the quadratic factor 
w—2x2c0s 0+ 1, 
Similarly the second, third, ... pairs of the above 


quantities give as factors respectively 


at — 20 008 (0 +=) +1, 


a — 2x cos (0+) +1, 


and a — 2x cos \¢ + aS Z 


nt ele 
Also on multiplying together these n factors we see 
that the coefficient of 2” in their product is unity, which 


is also the coefficient of a in the original expression. No 
other numerical factor is therefore required, 
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Hence 
x23 — 2x™cosnO+1 


= {x? — 2x cos 0 + 1} {x?- 2x 008 (0+ =) +1} 
{x2 - 2x cos (0+) +1} 


Bir — 2x cos (0+ aati m7) + 1} egy 
By dividing by 2” we have 


a +4, — 2eosnd= {2-45 —2 08 6 | +5 ~2c0s( (0+2 =) 


, eee fe + 3 cos (2 + == 2 n)| cereus): 


The relation (2) may be written 


=n—1 
a +—~2c08 nd =" II \e +2 — 2008 (0+ =) 


r=0 


=n-1 
where II stands for the product for all integral values 


r=0 
of r from r=0 to r=n — 1 of the expression following it. 
aes we may shew that 


— 2a" 2" cos nO + a™ 


= {a — 2aa cos 0 + a} \#- 2ax cos (0 ae =") +a 


|s*—2aseos (0+ =) 4 a. \"- 2axzcos (042 n) +a 


116. The proposition of the last article may also be proved by 
induction. 
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We shall first shew that ane —2 cos na is divisible by 


prea PO, 
z 


Let ant -2 cos na be denoted by ¢ (n), and 2++-2008.a by X, 80 


that we have to shew that ¢(n) is divisible by X, for all positive integral 
values of n. 

Assume that this is true for ¢(n—1) and ¢(n—2). 

We have then, by ordinary multiplication, 


(#43) xo (n—-1)= {e+z {ert + seq 2008 (n-1) a} 
=(#+5)+(# +25 —2cos (n—1)ax (+3) 
= {or -2oo8 nal 
x 
1 1 
+ Jett aaa 2 008 (n — 2) ah — 2 cos (n-1)a}2+2-2e084} ; 
since 2 cos na +2 cos (n — 2) a=4 cosa cos (n—1) a. 
Hence (245) xo (n-1)=0(0) +9 (m2) ~ 2008 (2-1) a 
al 
a o(n)=(245) #(n—1) 9 (n-2)+.2R 008 (n—1)a......(1). 


Now ¢ (l)=2+2-2c08a=n, 
ened if 1 
and ¢(2)=2 +34 2 cos 2a= a+ 7 —2cosa t+ > +2cos «) 


=N (245 +2005 «) ; 


80 that ¢ (1) and ¢(2) are divisible by x. 
Hence, putting n=3 in (1), we see that ¢ (3) is divisible by X. 
Similarly putting, in (1), n=4, 5, 6...... in succession we see that, 
by induction, ¢ (n) is divisible by ) for all values of n. 


1 ome 
a ah ar — 2. cos na is divisible by ne —2 cosa, 
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F 1 1 2 
Again "4 Za 2 o0sna=a+=5~2008n(a+o), 
and is similarly divisible by 
1 ( =) 
2+-—-—20c0s (a+—}. 
z n 


Proceeding in this way we can shew that it is divisible by . 


eB eon (a+), Se eee (a+"— 2x) : 
=z n x n 


and hence obtain equation (2) of Art. 115. 
117. De Moivre’s Property of the Circle. 
A geometrical meaning may be given to the equation 


(3) of Art. 115. 
Let ABCD... be the angular E c 


points of a polygon of n sides ANY (\ 
which is inscribed in a circle of rs XO 


radius a, so that, O being the a 


centre, we have 
ZAOB=2z BOC=Z COD=...=—-. 


Let P be a point within, or 


without, the circle such that 
OP=2, and ZPOA=8@. 


Then 
ZPOB=6+ =. £P00=0+*,.., 


and we have 


PA?=OP?+ 0A?—20P.0A cos POA 
= 2° — 2az cos 0 + a?, 
PB? = OP? + OB? — 20P .OB cos POB 


=a! — 2a2 008 (8 +=) + a, 


PC? = 2? — 2azx cos (2 + =) +a}, 
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Hence PA?. PB’. PC?... to n factors 
= {or — 2ax cos 0+ at} |? — 2az cos (9 + “7 4 a} 


{x — 2az cos (4 + =") + a} ... to n factors 
= 7" — 2a"2™ cos nO + a. 


118. Cotes’ Property of the Circle. 

In the preceding article let the point P lie on OA, 1.e. 
lets it be on the line joining the 
centre to one of the angular points 
of the polygon. 

In this case 6 =0, and we have 

PA?. PB. PC’... to n factors 
= 2" — 2a" + qm 
= (a — a”). 

«. PA.PB.PC... to n factors 
= a" — a” or else a® — x", 

The first of these values must be taken when P is 
outside the circle, on OA produced, so that x > a. 

The second must be taken when P is within the 
circle. 

We therefore have 

PA.PB.PC.PD... ton factors = a” ~a”...(1). 

Again let a, 8, y, 8... be the middle points of the arcs 
AB, BC, CD,... so that AaBBCy... is a polygon of 2n 
sides inscribed in the circle. 

By (1) we have 

PA.Pa.PB.PB.PC.Py... to 2n factors = a" ~ a 


Dividing (1) by (2), we get 
Pa. P8. Py... to n factors =a" 4a"...... (3). 
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The equation (3) may also be deduced directly from equation (3) of 
Art. 115 by putting o== . We then have 


(#- 2ax cos = + a’) (2 — 2axz cos a +e) (# — 2ax cos ae% at) 
eee to 7 factors= 2" — 2a"z" cos 7 +a" 
= 2°" + Qare® + "= (a"+ a®)?, 
te. Pa? . Pp. Py*......t0 » factors = (x" + a”). 
This is relation (3). 


119. To resolve into factors the expression a” — 1, 
We have first to solve the equation 


a” —1=0, 
1.6. a* =1=cos 2r7 +7 sin 2rz, 
where r is any integer, 
so that © =([cos 2ra7 +7 sin orn} errr 08 


First, let n be even. 
As in Art, 24 the values of the expression (1) are 


3% DO ae: 4ar , «Ar 
cos0 +7sin 0, cos—+1tsin—, cos—+isin—, 
n n n n 


n—2 eat Wir. + NT 
.-.cos ——_ 7 +751n 7, cos — +2sIn —. 
n n n 
But cos 0° +7sin0°=1, 
nv... nT 
and cos — +7sin —=-—l. 
n n 
Hence in this case the roots are the n quantities 
Qt... 2a 4n «4 
+1, cos — +71sin—, cos—-+7sn—, 
n n n n 


7 +7sin 


eos cos a (0) 
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The factors corresponding to the first of these pairs are 
e—1 and «+1, ~. the quadratic factor 2? — 1. 
Those corresponding to the second pair are 
2ar 


20 natant LE hn ees 
w—cos— —tsin— and #w—cos—+2zsn—, 
n n n n 
a.e. the quadratic factor 
a? — 2x cos ct +1. 
n 
Hence we get 5 pairs of quadratic factors. 


When multiplied together they give the correct 
coefficient for 2, so that no numerical quantity need be 
prefixed to their product. 

Hence, finally, when n is even, 

a" —1=(2?-1) (#- 20 cos" + 1) (w— 20 eos 4 1) 


n—2 


mee: G — 2x cos 


Secondly, let n be odd. 
As in Art. 24 the values of the expression (1) 


are now . 


4ar 


ree 2m = 2m hap Oe 
cos 0 +7sin 0, cos — +7sin —, cos— +isin—.,... 
n n n n 


n—3 .. n—-38 n—l bon Ie al 
7w+%sSin 7, COS 7 +24 S81n —— qr. 
n 


eee COS 


The first pair reduces to the single root +1. 
Taking the other pairs together, as before, we obtain, 
when n is odd, 


1 =(@—1) {at 24 00s +H} {et — 20 008 Az 1} o> 
n 


n—1 


ac je — 2x cos 7+ i} wseas SeESHIOF (3). 
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Hence we have 


2 2rar 
a” —1=(2'—1) II (22 — 20 cos = + 1), 
=] 
when n is even, and ‘ 


ae 2rar 
a*—l=(¢—1) I (2-22 cos" +1), 
== 
when n is odd. 3 


These formule can also be deduced from the funda- 
mental one of Art. 115 by putting nO = 27. 


120. To resolve a* +1 into factors. 
We must solve the equation 


a*+1=0, 
1.8. a =—1=cos(2r7+7)+tsin(2r7 +7), 
where r is any integer, 
1 
so that a = {cos (2ra + 7) + ¢3in (2r7+7)}" 
Qrar+a,.. war+a 


eet 4510 n ssasveserees iL )- 


First, let n be even. 
~ As in Art. 24, the values of the expression (1) are 


ee An IE OTF ne OTF Sie Bg ve 
cos— +2zsm—, cos— +2zs5Im —, cos— +4SsM—, 
n n n n n n 
n—-1)r7... (n—l1)7 
ae ee aT 
n n 


The factors corresponding to the first of these pairs are 
T Ce ee IE Tv CueOey 
#@—cos——tsin— and #—cos—+zsin-, 
n n n n 
t.e. the quadratic factor 
a — 2a cos < +1, 
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The quadratic factor corresponding to the second 
pair is 
3ar 
a? — 2@ cos ae +1, 
and so on. 
Hence, as in the last article, when n is even, we have 


a" +1 = (a — 2ncosT +1) (at — 20 cos +1) 4 


..[ # — 20 cos @=D* 1]. 


Secondly, let n be odd. 
The values of the expression (1) are in this case 


TET om... om 
cos—+2zsin—, cos— +7sin—.,... 
n n n n 


con ea (n — 2)ar 
n n 


+7sin ‘ cos + isin”, 
n n 
The last pair of roots reduces to the single root — 1, so 
that # +1 is one of the required factors. 
The quadratic factors corresponding to the successive 
pairs of roots are 


3 2008 


a? — 2a cos +1, i On chp Es 1 
n n 


n—2 


a? — 2x cos w+, 


Hence finally, when n is odd, we have 


e+l=(a+ 1) (a2 - 2x cos = +1) (# — 22 cos 7 +1)... 


vn | a — Be os OH 2) 5 1]. 
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pat? 
2 
a+1= II (2 — 20 e03 = +1), 
r=0 
when n is even, and 
n-8 
2 
x” +1=(¢+1) I (at - 20 cos “2 +1), 
r=0 


when n is odd. 


These formule can be deduced from the fundamental 
one of Art. 115 by putting nO = wr. 


121, Bx. 1. Express as a product of n factors the quantities 
cos np—cosnd and coshnd—cos née. 
In equation (2) of Art. 115 put z=e**, so that a1t=ze—*, and hence 
Z+2-1= eb + oF 2 eog d, 


and a+ a*= eMbt s 62d _ 2 cog ng. 
We then have 


2 
2 cos nd — 2 cos nd = (2 cos ¢ — 2 cos 6) [ 208-2 cos (0+ =)] 


2 
te COs Nd — Cos NO=2"—1 {cos ¢ — cos 6} Joos ¢— COS (0 + = cose 


Feiscn: {cos p— cos (0 +=?) 


r=n-1 Qrar 
cari 10 Jo0s gp — cos (0+ aa ; 
r=0 n 


Similarly by putting x=e? we have 
cosh nd — cos nO 


2 
=2"-1 [cosh ¢ — cos 6]| cosh ¢ — cos C + ar) |e 


[ cosh  — cos (0+ ae )]: 
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Ex. 2. Ifn be even, prove that 


oF i a sig Paes) PL ee 
sin 3 sins na a 


In equation (2) of Art. 119 put n equal to unity. 


a1 4287+... ttl 


Then, since a2i> ae 9 


a"®—1 
z?—1 


therefore, when x is unity, = 5 rp 


Hence we have 


ho (2-208) (2-2008 =") Raaace (2-2c08*= r), 
2 n n n 


Qa 4r n—2 
. = in? Ss int = 
i.é. n=2.4sin = . 4 sin’ mt 4 sin mn ™ 
there being 57 1 factors, 
2Qar 4r n—2 
—9n-1 gin? — gin?__ in2 
=2"-1, gin on s1n ont sin on 
nm] 
— Qa 4a n—-2 ; 
yee 7 j inc 
Hence +,/n=2 7 gin on Mt Oy BID “Dy Tiseeeesesseesess (1). 
Each of the angles adage n= 2 | is lose than a right angle, so 
on? In Qn : 


that each of the sines on the right-hand side of (1) is positive. 
On the left-hand side we therefore replace the ambiguity by the 
positive sign and have the required result. 


EXAMPLES. XX. 


Factorize the following quantities. 


], 26+ 223 cos 120°+1, 2. 28-2‘ cos 60°+1. 

8, x19 — 225 cos ; +1 4, o@+425+1, 

5. wl44a7+1. 6. 2-1. 7, 6+1, 
8. 27-1. 9, x+1. 10, 2®-1, 


1). o8+1 12. «4-1, 13. «+1. 
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14, Ifn be even, prove that 


nl 
et in eine in Oe 
2 sin 5 sin 5 sin In ve Sin on Tok 
ee cea ane Oh ppc 
an Fe ‘0. oa 
15. Ifn be odd, prove that 
n—1 n—1 
— . Or . 4r . n—-l = T Bi n-2 
23 =— = — r=,/n=2 2 = ie pctee 
sin >> sin 5 ++ sin on jn=2 COS 5 C08 a... COS m ™ 
and that 
n—l n—l 
=a . Sr . n-2 == Qar Ar n—-1 
2* sin —tin — ... =1=27 cos— cos — = 
sin 5 Bin on sin an w=1=2 7 cos an 008 on °° 008 on T. 
16. Prove that ge a = 
n n n Qr-2 
17. If be odd, prove that 
1 
a, 26, 39 ge = 
tan — tan — tan — ...... tan eee =,/n, 
n n n nN 
18, Shew that cos n@ 
=2"-1( cos @— cos — con ecoss = katte Gane eck eee 4 
2n 2n 2n 
Prove that 
5 - ‘ Tr n—-1 
19, sinn@=2""'sin ¢ sin o+7) veesae sin (o+°= 7 


: 
=2"-1 II sin (o+2 . 
r=0 n 
{Put c=1, and 0=2¢, in the equation of Art. 115.] © 
= 9n-1 gj ™ ) gi on i [ ana | 
90. cosngd=2"—" sin (o+ x) sin (o+ 5s Reeves sin| ¢+ mete 


[Change > into ¢+ a in the formula of the preceding question.] 


91. 2°-1 cos ¢ cos (+7) cos (+=) Reaes cos (6 fot r) 


=(-—1)?8in ng, when n is even, 
nl 
and =(—1) 2 cosn@, when n is odd. 
[ change ¢ into o+5 in the result of Ex. 19. | 


L, T, I, 10 
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T 30r 53 2n-1 nar 
2 Bilh polit petit = ical 
92. 2"-1 cos on cos on cos mo cos on 7 =COs 2° 
3a 5a 2n-1 
nin wei ee Om ory 
93. 2% sin on sin on sin mt sin ae 1 
we Or (Qn-1)r_ (-1)"-1 
94, cos = COB — nesses cos eT ee 
2.5, Prove that’ 
* (0 =) 
a2” — a” cos nO 1 = seNprdaeine Yl s 


a" —2a"2" cosnd+a2®~— na 49 Pe eee (0 BS =) me 
[In (3) of Art. 115 change x into +h, expand and equate coefficients 
of h. Or take logarithms and differentiate with respect to x.] 


96. The circumference of a circle of radius r is divided into 2n equal 


parts at points P,, P,,...... P.,; if chords be drawn from P, to the other 
points, prove that 


Py Pgs Py Pg.es:1- byl gt A Mis 
Also, if O be the middle point of the are P,P,,,, prove that 
OP, . OP,......0P,= /2r%, 
Dee Ni Ay Aa Ans, be a regular polygon of 2n+1 sides, inscribed 
in a circle of radius a, and OA,,, be a diameter, prove that 
OA, . OAg...:.. OAS a", 


DAR by A,, is a regular polygon of n sides. From O the centre 


of the polygon a line is drawn meeting the incircle in P, and the cireum- 
circle in P,. 


Prove that the product of the perpendiculars on the sides drawn from 

P, is to the product of the perpendiculars from P, as 
* ‘Ss 2 né 
cos cot 9 tol, 

6 being the angle between OPP, and O4A,. 

29: ABCDE is a regular polygon, of n sides, which is inscribed in 
a circle of radius a and centre O; prove that 

PA*. PB? , PO?...,..=1* — 2a" cos nb +a™, 

where OP is r and the angle POA is.@. 

Prove also that the sum of the angles that AP, BP, CP, 


tae 
with OA, OB, OQ,...... produced is tan-2 7 S120 _ 
r™ cos n6 —a® 


ie& ss . make 
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Resolution of sin @ and cos @ into factors. 


122. To express sin 0 as a product of an infinite series 


of factors. 


We have mr@so9 in tos g 
y | 
2 sin ge s B) ese (1 
= 5 in G + 5) csseeeees (1). 
rare : : re 0 
Similarly in (1) changing @ into 5 and = +5 succes- 


sively, we have 


TO ke ee Wee O\ mo hr or O 
and ein (3 +5) =2sin eesoe sin (5+ 5+ 55) 
apne G\.. far @ 
= 2sin (G+ 5)-sin (G+). 
Substituting these values in the right-hand side of (1) 
we have, after rearranging, 


sin @ = 2’ sin & sin wes a ae on ae g .-.(2). 
Applying once more the formula (1) to a of the 
terms on the right hand of (2) and arranging, we have 


3 me Game 2a Ow om Oo. Ar 6 
sin 0=2 sin 5, sin 52 SID — 55 sin —5,— sin or 
. d4r+0 . 6r+O0 . Ir+0 
sin —5, — Sin —5,— BIN “gg eras eeees (8). 


‘Continuing this process we have finally 


sin 6= Qp-1 abt w+0 sin 2r+O sin (p—1)7+0 
P Pp Pp 


where p is a power of 2. 
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The last factor in (4) 
; [ T — 4 . wr-O 
= gin | 3 ————| = sin ¥ 
Pp Pp 
The last factor but one 
pa Bret sin [=- =| aoe Ee 


= 1877) 
and so on. 


Hence, taking together the second and last factors, 
the third and next to last, and so on, the equation (4) 
becomes 


2 wee | . wt. mot Asi Qr+60. ome 
sin 0 = 2?— sin — 4sin ——sgin sin sin ——— 
P P P P 


Pp 
ee SF ae Oe ee ones ee (5). 
The last factor is 
Pp 
97 t@ 
sin 
Pp 
: . (t 6 
which =sin 3 + °) =Ccos—. 
2p p 


Hence (5) is 
sin 6 = 2?—1 gin e | sin 7 — sin? 4 E sie sin? 4 ae 
Pp P P p 2. 


8 
Since and |, 9n9 | BH EE oi D, 
@ eT: 
sin — sin — 


P 6=0 Pp 6=0 
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we have 

a7) 

5 —1)7 
p=2e", sin’ int Sint . sin? ( mae): 
Dividing (6) by (7), we have 

6 sin? Z sin? Y sin? — 
sin 0= psin—| 1 — 1- ees 
P sin? — sin? ae sin? ae 
Pp Pp 
sin? — 
| 1— Od seta et as 8 
sin? iS — 1) ee ~P s 
p 
Now make p indefinitely great. 
Since 
0 
sin — 
[p sin Hl = Sree a = 6 (Art. 228, Part I.), 
p=o ud 
Pp p=a0 
sin? : sin® he 
EN es 
at =| ae et oa | as (Art, 228, Part I.), 
Plp=2 p* 


and so on, we have 


sin 0 = 6(1-5) (1 -ge-s) (1-ge) ...ad inf. 


This theorem may be written in the form 


ot ew iat (1 _ f) 


r=1 Yalta ‘ 
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123. To express cos 8 as a product of an infinite series 


of factors. 
In equation (4) of Art. 122 write for 6 the quantity 


st 0, and the equation becomes 
Pao tee +26 oes 3a +20 Ate 5ar+ 26 
2 2p 2p 
. (2p—1)7r +20 
sin "han on Maa eee (1). 
The last factor 
ohn Sot | ee 
the last but one 
; |e . Br —20 
S61 a se ee Ld eee 
2p 2p 


and so on. 
Hence taking the factors in pairs, as before, we have 


con 020-1 sin sin | sin 37+20 . =... 


2p 2p a 
= 1 i qe — sin? 20 1 37 1 , 20 
ps sin op sin I E Ip sin Op -(2). 
In (2) make @ zero and we have 
= 1 3 gs 1 37 1 5a 
1= 2?" sin 35 9, Sin? op cascaseenta)s 
Dividing (2) by (3), we have 
eee ee E. 
sin" 5; sin? 3; sin? —— 
inte Pete ees 
sin’ Op sin’ 5 sin 
sin? 2 
woe | LR me | (4). 
ane 
2p 


COS 8 IN FACTORS. 151 


In (4) make p infinite; then, as in the last article, we 
have 


rE 46? 46? 40? 
cos 6 = [2 = =| [2 - =| [2 - | ... ad inf. 


This theorem may be written in the form 
cos @= 11 {i - oat 
Tr? 


r=1 (2r = Ly} 


Since cos 9 = 8 2E the product of cos? may be 


derived from the products for sin 20 and sin @. 


124, The equation (4) of Art, 122 may, by means of Art. 115, be 
ghewn to be true for all integral values of p. For we have 
az? —22P cospp+1 


={x?- 2x cos +1} {=?- 22 008 (+=) +t 


Put =1, and we have 
2(1— cos pp)= {2-2 cos g} {2 — 2cos (6 + =\t Raaes to p factors. 


; =a DP) oP 4 gina | P 4 = ot rd 
i.e. 4 sin’ y= 4 ain 9° * sin (§+5 .4 sin’ ats ...60 p factors. 


Put Pe =6, and extract the square root of both sides. We have then 


ete er ey cin Py, 
a Pp 2D Pp P 
If @ lie between 0 and 7 all the factors on the right-hand side of (1) 
are positive and so also is gin@. Hence the ambiguity should be 
replaced by the positive sign. 
If @ lie between w and 27, all the factors on the right-hand side are 
positive except the last, which is negative. 
Hence the product is negative and so also is gin 6, so that in this case 
also the positive sign is to be taken. 
_ Similarly in any other case it may be shewn that the positive sign 
must be taken, and we have, for all integral values of p, 


sin 6=2?-1 sin’ , sin ee sin anes 


rooee 
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125. Sinh 6 and cosh 6 in products. 
By Art. 68 we have 
sinh 0 = — isin (@) and cosh 6 =cos (61). 
Also the series of Arts, 122 and 123, being formed on 


the Addition Theorem are, by Art. 64, true when for 6 
we read 01, 


: ripen 6? G7? 677? 
-. sinh 6=—7 x 1 (1 — ai = of) @ - Son) (1) 


@? 6? 62 : 
=6(1+ 5) (1+ ga) (14-905) enecce ad inf. 
46°72 4.674? 40% : 
and cosh 6 = (a = } (1 — a) (1 3) -- ad inf 
462 462 4,62 es 
=> (1 + 4 (2 + =) (1 + i) ea inf. (2). 


The products (1) and (2) are convergent. For we know (C. Smith’s 
Algebra, Art. 337) that the infinite product II (1+w,) is convergent if the 
series Du, be convergent, 

In the case of (1), Zu, 


@ 1 Loesiae al 
=i (lta tat ate , 


and the latter series is known to be convergent, 


126. Sums of powers of the reciprocals of all 
natural numbers, 


From the results of Arts, 122 and 123 we can deduce 
the sums of some interesting series. 
From Arts. 122 and 33 we have 


0? g2 o2 ; 
(1 = =) (1 Ca a3) (1 - a osante OOK 


= Site @ 4 


6 ‘Sg ts + sseoe. ad inf, 
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Taking the logarithms of both sides, we have 


oe @ & 
log ¢ - =) + log ie - 553) + log (1- 33 =) P cassee 
ar oe 
= log E = 6 + 120 a stale, | ceeees cry. 


Now, by Art. 8, we have 


lo (1-S)=- e is aah See Pa 
8 Gat Bat , 


log (1 — )=- hayes irae ss 
g( Pot) | Pt 2a TB Dest 


aoa 20 


@fi i hos. pe ates: i 4. 
mitt gto | Ba] et mt 3 
a ad 
Saline sk oe tgs bo bach 
@ 6 
eo Eee y 
=-(§ 120 AG Dip Bee 
6 Tey 3 
=-5+6(i59-5-56)~ eoeeee 
0 os 
Se Eee (2) 


Since equation (2) is true for all values of @ the 
coefficients of 6? on both sides must be the same, and 


similarly those of 6, and so on. 
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Hence we have 
taal? 1 


1 ; 1 
~alptptgt--ad int. )=-3, 


UO: re a ik ; tt 
—snlptgtgt--odint)=— a, 


Hence = gg +ytpet-adinf=™ ....., (3), 


Erased (rag & | . Toe 
and ptoatgate- ad inf, = 90 0 (4), 


eeerevseseecsces 


127. By proceeding in a similar manner with the 
result of Art. 123 we have 


(8-75) (1 (1 ip) 


+...=log ji-$+ i a 
Hence as before 


aoe ihe yee id 
7 2 ort Geta tat =) 


ptaty 


= log E Goes 
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Hence, equating coefficients of 6? and 64, we have 


ft 
S(gtptgte)=- 1 


ao 2° 
Boss i ae bee had | 1 
Peet Laced 
1 1 1 oa 
and hence pra 32 B = a eos — 8 ecssseascnsess( L), 
s ice l Ys 
and tot mi +... = 9G ereereeeee 2) 


JOseososarsoeee 


128. Wallis’ Formula. 
In the expression of Art, 122 put O=5, and we have 


1=3[1-5| [1- z|[2-al- vee. ad inf, 


_1.3 8.5 5.7 — (2n-8)(2n-1) (2n~—1) (2n+1) 


BOM edt: G? "<= (ig 9 | (nyt 
where n is infinite, 


be . —3F, BBE Ctra ne ~ Gn} 


C PIS Joye ae re Fare 
5 t.6: 1.3.8..n-1) 7M g (2n+1), where n is infinite. 


It follows that when n is very great (but not necessarily infinite) then 


ea ee 
ey ee eS = 3 (2n+1) very nearly 
=Vnz, ultimately. 


This is called Wallis’ Formula, and gives in a simple form a very near 
approach to the product of the first n even numbers divided by the first n 
odd numbers when n is very great. 
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129, Ex. Prove that 
1 


1 
tan 6= 886 Exc + 3249493 + 59,2 492 Angee e 
From Art. 123 we have 


46? 462 46? 
log cos @=log (a -=) +log (a - =) +log (2 =) Psseen(L)2 


In this equation substituting +h for 6 we have 


log cos (9 +h) =log [2 - + (0+ nm] +log [1-= — 3a (+h)? | + ...cccce(2)- 
Now log cos (6 + h)=log [cos @ (cos h — tan @ sin h)] 
=log cos 6+ log [-gt ~~tan9 (n+ caress y] (Art. 33) 


=log cos 6 + log [1 — h tan 9+ higher powers of hj 
=log cos 0 — hk tan 6+ powers of h. (Art. 8.) 


~ 492 86h 
Also log [1-2 ——= (0+ as lg = +log [t-te | 


86h 
=log [1-3 -—; = 73 — gga t Powers of h, 


and log ra ~ 353 (0+ ny | 


462 80h 
z=log fa ~ 32q2_| ~ 32,2 — gga t Powers of h. 


FOS Oaa towne ser neccereseree oe ceceee 


Substituting tees values in (2) and equating on each side the coefii- 
cients of —h we have 


80 86 80 3 
Ye 462 + 82572 49 + 5242 462 + cee scecesoces (: } 
oes 80 
~ eo (Or +12 — 4g" 
The series (3) may also be written 


tan @= 


tan = 3 : SF : 2 
4= 20 +20" 3e—20~ Be pag 
[The student who is acquainted with the Differential Calculus will 


observe that equation (3) is obtained by differentiating (1) with respect 
to @.] 
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1380. Bx. Prove that 
cosh 2a — cos 20 


=2sin? 6 [2 nm =| [2 + (5) |] 
[> + (-*;) | [1+ (ra) | [3 + (se%5) | ad inf, 
=2sin?oul| 1+ (G25)']: 


where r is zero or any positive or any negative integer. 


We have 
cosh 2a — cos 20=cos 2ai — cos 20=2 sin (8 + ai) sin (0 — ai) 
: (0+ai (6 +ai) 
=2 (0+ at) [a-S [1- Pl soecee 


x (6- ai) 1- ae | [1- ue REGS 


Now [2 = Cre | [2 - al 


=[(meeeel o- =) [ete shies 0+ai) 


_(7+6)?+a7 (x-6)?+a3 
- Pa ‘ x s 
Hence (1) gives 


cosh 2a — cos 20=2 (62+ a?) [2 0)? + “| [4 6)2+4 = pana 


Bn 
2 
Cert] and inf.,.....(2). 
1 


In (2) put a=0 and we have 
(+0)? (r-0)? _ (2x +6)? (27-6)? 
Go ee D2 QP? 
Dividing (2) by (3) we have 
cosh 2a — cos 20 


-2ento [145] [1+(53) JD +(5) 1+ G5) 
[1+(55) | ee ad inf. 


The factors of cosh 2a+cos 29 may now be obtained by changing 6 


2sin? @=26?. 


2 
into O+5 and they are found to be 2 cos? @II +e fer ix) } where r is 


any odd ee positive or negative. 


158 TRIGONOMETRY. 


EXAMPLES. XXL 


Prove that 
Ly od rl ol ey eee 
1. icin gat 32 Bat cores ad ass 
a eee | _ 2 (Qr 
9. jet get get ae ad inf.=6—~ a: 
1 1 1 1 A 2 
3. pata. a+3-etagete ad inf.=75. 
1 ora 6 oe wi 3 
4. gat Fa + at geten ad inf, =a 1-5): 
5, Prove that the sum of the products, taken two and two together, 
. wh 
384° 
6. Prove that the sum of the products, taken two and two together, 
of the reciprocals of the squares of all numbers is — a 
Prove that 
1 20 26 
7. cot =] = < Nei > Qigi_ ga corer 
uh 1 1 1 1 
“Ob G-=5 | btn * O-or 03 %n ee 
1 1 1 1 1 1 1 
G, cones = 5 Ge Gant Gols Paes ore eee 
mice te 
rs 62 — n2472” 
and hence that 
1+@cosec@ 1 1 1 ‘ 
992 = gat poo Fiza ~ eosees ad inf. 
[ wee the relation cosec @ ae. Pee cote 
2 2 Ds 


1 1 3 5 0 
9. oa 860 =F ag a ae 52,3_4ga tt ad inf, 


0 
Use the rel = Be 
[ se the relation 2 sec 0= tan (5+ 5) + cot (F +5) J 
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Ne 1 1 1 
10, 7800 O= (aot Gada) t Gr 20 * Gr pdop 


[Apply the process of Art. 129 to the result obtained in that article.] 


1 1 1 1 : 
ea —— ae aan 
11. cosec? ¢= at (@—") be (0+)? bs (0 —2z)? & (0+ 27)? 
Prove that 


12 EMA (1-$) (142%) (1-58) 


0 0 
(145-5) (1-545) seeee . 


=I (1 Senet ) , where r is any positive or negative integer or zero. 


+... ad inf. 


+... ad inf, 


sin (a+ 6) 
13. sin a 


integer, including zero. 


cos (a+ 6) a 20 26 20 20 
14. Cosa (1+) 0-5, wa) (Orr (t=5, 3s) 


0 : ae : 
=I (a) » where r is any positive or negative 


=I [2 + ae , where r is any odd integer positive or negative. 


cos cos (a - 6) a 
15. cosa 


or negative. 


1s, eee [y eb ea]E are 


=1[1- rap]: 


where r is any odd integer positive or negative. 
[Multiply together the results of Exs.14 and 15 and then change 26 
and 2a into @ and a.] 


yt Ei LE {1- at “Garay 
{-aenat tera 


A 
a [2 2 ara 
where r is any even positive or negative integer, including zero. 
Hence deduce the factors of cosh 7 —cos a. 


positive 
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sin a — sin 0 0 aU s 
18. Gina =(1-2) (0-3 a) aes 


(+ Ge ae oe 
19, 2cosh0+2cosa 


mires kts, tltbis oles 


=4 cos? 5H [2 + Ae 
where r is any odd ee positive or negative. 


20, Prove that 


sinh? is 

a r=—n-1 p 

sinh nu=nsinhu II 1+ 
r=] 


TT 
sin? — 
Qn 


and deduce the expression for sinh wu in the form of an infinite product of 
quadratic factors in wu. 


[Start with the result, when @ is zero, of Ex. 1, Art. 121, In this 
result put @ equal to zero and divide.] 


21, Prove that the value of the infinite product 


(el) (G2) Cede ane 


is ee. 
Ww 


22. A semicircle is divided into m equal parts and a concentric and 
similarly situated semicircle is divided into n equal parts. Every point 
of section of one semicircle is joined to every point of section of the 
other. Find the arithmetic mean of the squares of the joining lines and 
prove that when m and n are indefinitely increased the result is 


8ab +. Er 
a? +b? — — , where a and 0 are the radii of the semicircles. 


23, The radii of an infinite series of concentric circles are a, 3 ine 
From a point at a distance c (>a) from their common centre a tangent 
is drawn to each circle. Prove that 


: : : c Ta, 
0 seeeee = — sin — 
sin @, Sin 0, 8in 6, rae 

where 0,, 03, 03...... are the angles that the tangents subtend at the 


common centre, 
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24, Aninfinite straight line is divided by an infinite number of points 
into portions each of length a. If any point P be taken so that y is its 
distance from the straight line and = is its distance measured along the 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the point P from all the 
points of division is 

sinh ary 
a 
cosh “ty — cos = 


[Use the result of Ex. 7.] 


ay 


25. Ifa, b, c...... denote all the prime numbers 2, 3, 5...... prove that 


ASS" 
and (145) (1453) (145) no 1. 


26. Prove that 


m=no x 
Wj} 1- 
aa RES a| 
Prague sin {r Veta} 
 Se+e sin 1c 
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CHAPTER X, 
PRINCIPLE OF PROPORTIONAL PARTS. 


131. In the present chapter we shall consider the 
Principle of Proportional Parts, the truth of which we 
assumed in Chapter XI, Part I. 


We then assumed that if n be any number and n+ 1 
the next number, whose logarithms were given in our 
tables, and if h be any fraction, then, to 7 places of 
decimals, it is true that . 

log(n+h)—logn _ 
log (n + 1) — logn 


The truth of this statement we shall now consider. 


132. Common Logarithms. We have, by Art. 
12, 


logy (n + h) — logyyn = fee lor (1 = 4) ; 


where fe = 43429448... 
Hence, by Art. 8, we have 
wh phe hs 
log (n +h) — login = — Sa Sor eooeee(L) 
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Now in seven-figure logarithm tables n contains 5 di gits, 
1.e, n is not less than 10000. Hence, if h be less than unity, 


we have” he less than 


21 


1 
5 (-45420448.. oan 


‘21714724... 


ae. less than 10 » te <‘0000000021.... 


3 
Also ae is less than one-ten thousandth part of this. 


Hence in (1) the omission of all the terms on the right- 
hand side after the first will make no difference at least as 
far as the seventh place of decimals. To seven places we 
therefore have 


log, (n + h) —log,.n= a é 


So log: (n + 1) — log yn = woe : 


Hence, by division, 
logy) (n + h) — log, yn 
log,,(n+1)—logyn * 


The principle assumed is therefore always true for the 
logarithms of numbers as given in seven-figure tables. 


133. We may enquire what is the smallest number in the tables to 
which we can safely apply the area of proportional ie We must 


find that value of n which makes 5 25, so that n?> 5-107 A od 
The greatest value of h being re we then have 
n> 5.107, 4,6, >2171472°4....0 


~ n>1473. 
The number 1473 is therefore the required least number. 


11—2 
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134. Natural Sines. Suppose we have a table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h. 


[In the case of our ordinary tables h = number of 
radians in 1’ 


T ° 
= Fy 1s0 = 000290888..., te. h< 0003] 


- Also let & be less than A. Then our principle was that 


sin(@+k)—sin@ & 
sin(@+h)—sind h* 


We shall examine this assumption. 


We have 
sin (0+) —sin @=sin 6 cosk + cos @sink—sin@ © 


=sing [1-5 +g—- | + cos 0 [e- Gt [sing 
(Arts. 32 and 33) 


= h cos 6 — 5 sin 0 — F008 Ban 


The ratio of the third term to the first = Ele and this 


is always less than = (0003), z.e. always less than 00000002. 


The third and higher terms may therefore be safely neg- 
lected, and we have 


sin (0+ B)—sin O= keos 0— Hsin 8 Creces (1). 


The numerical ratio of the second term to the first 
term 


= ; tan 0”, cscces Meee scestara’ (2). 
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This ratio is small, except when 0 is nearly equal to 5: 


Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have 


sin(@+k)—sin0=kcos 8, 


So sin (8+ h) —sin 0=hcos @, 
sin(0+k)—sin@d_ &k 
and hence sin (0 +h)—sin 6 = 3 ceccce ecccccescocs (3). 


When 6 is very nearly a right angle we cannot say 
that 
sin (9 + k)—sin @=k cos 6, 


and hence in this case the relation (8) does not hold and 
the difference in the sine is not proportional to the 
difference in the angle. In this case then the differences 
are irregular. At the same time the differences are 


insensible; for, when @ is nearly 33 k cos @ is very small, 


In fact kcos@ has nothing but ciphers as far as the 
seventh place of decimals, so long as @ is within a few 
minutes of a right angle. Also 


(0003)? 


eae 1.e. < 00000005... 


ae: @ is always < 
[2 yi 

Hence when the angle is nearly a right angle a com- 
paratively small change in the sine will correspond to a 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


135. Natural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sine. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular. 


136. Natural Tangents. With the same notation 
as before we have 


tan 0+ tank are tan k sec?0 
I-tan@tene. «1 tan tape 


= tank sec?@(1 + tan 6 tan & + tan? @ tan? k...) 


=sect [b+ F 4... | E +tan 6(b+— +...) 


tan (9 + k) — tan 6 = 


3 
+ tan? 0 (hk? + .)] (Art. 34) 


=ksec? 6 + k? ae +k? sec? 6 E + tan? a] + eccgeamek). 


The third and higher terms may be omitted as before, 


except when @ is nearly a se angle, 


Unless the quantity /? = be large we shall then 


have 
tan (0+ k)— tan 6 =k sec? 0.....0.00000(2), 


and the rule is approximately true. 
When @ is >4 the second term of the equation (1) is 


> 2k’, so that taking the greatest value of kh, viz. about 
‘0003, this would give a significant figure in the seventh 
place. The principle is therefore not true for angles 


greater than x when the differences of the tabulated 


angles are 1’, 
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137. Natural Cotangents. As in the last article it 
can be shewn that the principle must not be relied upon 
for angles between 0 and 45°. 


138. Natural Secant. We have sec (0+ k)—sec0 


es 1 1 
~ cos @cosk—sin @sink cos@ 


-1 
1—ktand— 5k... 


= sec 0 


= sec 0 [tan +i (5 + tan 6) +... | 
=k sec 6 tan 0 + k* sec 0 (5 + tan? 6) aceon ese (1). 
The ratio of the second to the first term 


2 + tan? 6 
=k 


1 
ae =k E cot 8 + tan 8 |. 


This is small except when @ is nearly zero or = Hence, 
except in these two cases, we have 


sec (0 + k) —sec 0 =k tan 6 sec 0 


and the rule is proved. 
When 6 is small the term k sec tan @ is very small, 
so that the differences are insensible besides being 


irregular. 
When @ is nearly 5 this term is great, so that the 


differences are not insensible. 
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139. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the differences are insensible 
and irregular when @ is nearly 90°, and irregular when 0 
is nearly zero, Otherwise the principle holds. 


140. Tabular Logarithmic Sine. We have 


: n(O@+k 
Ly) sin (6 + k) — Ly sin 9 = log, Ss 


2 
= log, [cos & + cot 6 sin k} =logy E +k cot 6— = ei 
(Arts. 32 and 33) 
= E cot 6 — s =5 cot? A+... | (Arts. 8 and 12) 


ad 
= pk cot 0 — He cose’ Ginne 


The numerical ratio of the second term to the first 


ee 1 prok 

"12 Send bade § GaP OR 

This is small except when @ is near zero or a right angle, 
Hence, with the exception of these two cases, we have 


Lsin(6+k)—Lsin 0 = p cot 6 x k, 
so that the rule holds in general. 

If @ be small the term pk cot 6 is large, so that the 
differences are large as well as irregular. We cannot 
therefore apply the principle to small angles in the case 
of tables constructed with difference of 1’. 

Even if the tables were constructed for differences of 
10” we are not sure of being free from error in the 7th 
place of decimals unless 6 be > 5°. 
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If 6 be nearly 5 the terms pk cot @ and He cosec? 6 are 


both small, so that if the angle be nearly a right angle the 
differences are insensible as well as irregular. 


141. Tabular Logarithmic Cosine. The rule 
holds approximately, since the cosine is the complement 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, in which 
case the differences are large. 


142. Tabular Logarithmic Tangent. Here 
tan (6 +k) 
tan 0 
mee 1+cot@tank =a Fes: cot a| 
*1—tan 6 tank *|1—ktand 
= log, [(1+£ cot 6) (1+k tan 6+? tan?0+...)] 
k ke 
= log, E ¥ gin @cos 0 * costO * | 
k eet i 
zal | aadawat aro gars t 1] 
(Arts. 8 and 12) 


L tan (6+k)—L tan 0 = log, 


ke cos 26 
ey = 2pk? antag ecco 
The numerical ratio of the second term to the first 
=kcot 20. This is small except when 6 is near zero or a 
right angle. . 
Hence, with the exception of these two cases, we have 


ee ialae 
Ltan(6+k)—L tan 6= — 5). k 2 


so that the principle is in general true. 
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In each of the exceptional cases ae is not small, so 


that the differences are then irregular but not insensible. 
The same statements are true for the tabular loga- 
rithmic cotangent. 


143. Tabular Logarithmic Secant and Cose- 
cant. We have 
L sec (@ + k) —L sec 6 = L cos 0— Los (6 +k) 
and JL cosec(@+k)—Lcosec 0 = Lsin 6—L sin (6+ k). 


Hence the results for the Z sin and Z cos are also true 
for the Z cosec and L sec, 


CHAPTER XL 
ERRORS OF OBSERVATION. 


144, We have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case. Our observations 
are liable to two classes of errors, one due to the instru- 
ments themselves, which are hardly ever in perfect adjust- 
ment, and the other class due to mistakes on the part of 
the observer. 


145. An error in any of our observations will clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192, Part I., there be a small error in the value of a, there 
will be a consequent error in the value of « which, as 
we see from the result of that article, depends on a. 


146. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring a piece of wood, about six feet long, a mistake 
of one inch would be a very serious error; in measuring a 
mile racecourse a mistake of one inch would be not worth 
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considering; whilst in measuring the distance from the 
Earth to the Moon an error of one inch would be abso- 
lutely inappreciable. 


147. We shall assume that the errors we have to 
consider are so small that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities. 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 
calculation but only with errors in the original observa- 
tion. 


148, Bx. 1. MP (Fig. Art. 42, Part I.) is a vertical pole; ata 
point O distant a from its foot its angular elevation is Sound to be @ and 
its height then calculated ; if there be an error 5 in the observation of 0, 
Jind the consequent error in the height. 

The calculated height h=a tan @, clearly. 

If the error 6 be in excess, the real elevation is 6—6, and hence the 
real height h’=a tan (6 — 4). 

Hence the error h ~ h’=a tan 6 — a tan (6 -— é) 

ae sin 6 
cos 6 cos (6 — 8) 
if we neglect squares and higher powers of 8. 
The ratio of the error to the calculated height 
26 
sin 20° 
Except when sin 26 is small this ratio is small since 3 is small. It is 


=asec? 6.3, 


= 6 sec? 6+tan @= 


least when sin 20 is greatest, i.e. when 6 is i 


The ratio is large when @ is near zero and when it is near 3 


Hence a small mistake in the angle makes a relatively large mistake 
in the calculated result when the angle subtended is very small or when 


Bite Tv 
it is very nearly 3° 
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When @ is small, both the calculated height and the absolute error, 
viz, atan @ and asec?@.8, are small, but the latter is great compared 
with the former. 

When @ is nearly 90°, both these quantities are great. 


Ex. 2. The height of a tower is found as in Art. 192, Part I.; if 
there be an error @ in excess in the angle a, find the corresponding correc- 
tion to be made in the height. 


The real value of a is a—6; hence the real value of the height is 
found by substituting a— 6 for a in the obtained answer, and therefore 


sin (a — 9) sinB : sin a cos @— cosa sin 0 


=a~ in (8-a+@) =a sin B in (B — a) cos 0-008 (8—a) sin 0 


_@sinasin B 1-6 cota 
“sin (6—a) °1+6cot(B—a) 


Sa 


(Arts. 32 and 33) 


[1-6 cota][1-@cot (6-a)+......] 


“sin (B= 
seta @ {cot (8 - a)+cot a}] 
asina sin Pe asin?B 
“"gin(B—a)  sin?(9—a)° 
in? 
The error in the calculated height is therefore See , and is 


one of excess, 
Also the ratio of the error to the calculated height 
a 6 sin B 
~ gin a sin (8 — a) ° 
Ex. 8. The angles of a triangle are calculated from the sides a=2, 


b=3, and c=4, but it is found that the side c is overestimated by a small 
quantity 5; find the consequent errors in the angles. 


From the given values of the sides we easily have 


7 Ly 1 
cos A=5, cos B=7R, cos eri 
1 

Een ee a Bayo ang “sin C= Ne. 


Sth ae 16’ 16 
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Corresponding to the value 4 — 4, let the values of the angles be A ~ 0,, 
B-6,, and C—6;. 


324(4—8)9-22 21-887. a\-1 
Tent co (Aa Oat yo 


“Sass = ar (lz 
1 1 11 
ies cos +sin A. &=5;[21-89][14+7|=5,[ 21-7], 


(Arts. 32 and 33] 
7 2/15 eB 


1.€. at 16 = 3 - 96% 
11,/15 
so that ,= - ~~ OC oodacrspdensessnsdesseceientsesseheetis (1). 


4—6)?4+22-32 11-865 Eee 
Also naa (B 0 yee es ) ’ 


ICES IE pee eat yay: 


thy 1 eg 21 
ive. gt tin B.0,= 7511-89] [147 |=7,[u-Ta], 


1.6. st 60> a} 

ages tc2— NN re as ee ee 
Also con (0-0) =" * oe v= a se 

i.e. ae ey Ser Ws 

80 that a= y 


The errors in the angles are therefore 


-11,/15 
180 


-21,/15 
iso 


82/15 
180 


5, 


6, and é radians, 
so that the smallest angle has the least error. 

We note, as might have been assumed a priori, that the sum of the 
errors in the three angles is zero. This is necessarily so, since the sum 
of the angles of any triangle is always two right angles. 
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EXAMPLES. XXII. 


1, The height of a hill is found by measuring the angles of elevation 

a and £ of the top and bottom of a tower of height b on the top of the 

hill. Prove that the error in the height h caused by an error 6 in the 

measurement of the angle a is @.cos 8 sec acosec (a—f) times the cal- 
culated height of the hill. 


9, Ata distance of 100 feet from the foot of a tower the elevation of 
its top is found to be 30°; find the greatest and least errors in its 
calculated height due to errors of 1’ and 6 inches in the elevation and 
distance respectively. 


8. Inthe example of Art. 196 (Part I.) find the errors in the calculated 
values of the flagstaff and tower due to an error 6 in the observed value of a. - 

If a=1000 feet, a=80°, 8=15°, and there be an error of 1’ in the 
value of a, calculate the numerical value of these errors, 


4, AB is a vertical pole, and CD a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of elevation at C and D of the top of the pole are found to be 
; and : respectively. Find the height of the pole having given that 
CD=35 feet. 

Prove that an error of 1’ in the determination of the elevation at D 
will cause an error of approximately 1 inch in the calculated height of 
the pole, 


5, ‘The elevation of the summit of a tower is observed to be a at a 
station A and 8 at a station B, which is at a distance c from A in the direct 
horizontal line from the foot of the tower, and its height is thus found to 

csin a sin B 

———_—— feet. 
ore ee 

If AB be measured not directly from the tower but horizontally and 
in a direction inclined at a small angle @ to the direct line shew that, to 
correct the height of the tower to the second order of small quantities, the 

., ccosasin?p 6 
—_—— > btracted., 
quantity aos fain (@— Bp) 3 must be subtracte 

6. A, B, and C are three given points on a straight line; D is 
another point whose distance from B is found by observing that the 
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angles ADB and CDB are equal and of an observed magnitude 0; prove 
that the error in the calculated length of DB consequent on a small 
error 6 in the observed magnitude of 6, is 
2ab (a+b)? sin 6 
~ (a?+b2— 2ab cos 20)% 
approximately, where AB=a and BC=b. 


7. In measuring the three sides of a triangle smal! errors x and y 
are made in two of them, a and b; prove that the error in the angle C : 


will be — ¢ oot A —= cot B, and find the errors in the other angles. 


8. In a triangle ABC we have given that approximately a=36 feet, 
b=50 feet, and C=tan-12; find what error in the given value of a will 


cause an error in the calculated value of e equal to that caused by an 
error of 5” in the measurement of C. 


9, A triangle is solved from the parts C=15°, a=,/6, and b=2; 
prove that an error of 10” in the value of @ would cause an error of about 
13-66” in the calculated value of B, 


10. Two sides } and ¢ and the included angle A of a given triangle 
are supposed to be known; if there be a small error @ in the value of the 
angle A, prove that 

(1) the consequent error in the calculated value of B is 


— @sin B cos C cosec A radians, 


(2) the consequent error in the calculated value of a isc sin B. 6, 
and (3) the consequent error in the calculated area of the triangle ig 
8 cot A times that area. 


1]. There are errors in the sides a, b, and c ofa triangle equal to 
x,y, and z respectively; prove that the consequent error in the calculated 
value of the circum-radius ig 


5 oot A cot Boot C[x sec A+y sec B+z sec C]. 


12, The area of a triangle is found by measuring the lengths of the 
sides and the limit of error possible, either in excess or defect, in 
measuring any length is n times that length, where n is small. Prove that 
in the case of the triangle whose sides are measured as 110, 81, and 
59 yards, the limit to the error in the deduced area of the triangle is 
about 3:1433n times that area, 
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13. The three sides of a triangle are measured and found to be 
nearly equal. If the measurements can be wrong one per cent. in excess 
or defect, prove that the greatest error that can arise in calculating one 
of the angles is 80’ nearly. 


14, It is observed that the elevation of the summit of a mountain at 
each corner of a plane horizontal equilateral triangle is a; prove that the 
height of the mountain is 


: atan 
ace 
where a is the side of the triangle. If there be a small error n” in the 
elevation at C, shew that the true height is 


og ttene| lt ge sing” |. 
3 sina cosa 


The Student, who is acquainted with the Differential Calculus, will 
see that the results of some of the examples in this chapter may be more 
easily obtained by simple differentiation. 

Thus, in Ex. 2 of p. 173, the height 2 of the tower 
_a@sinasin a@ sin a sin B 

“sin (B—a) * 
If 8 be constant, and a vary, then, by differentiation, 


dz cos a sin sin a cos (B-—a 

a ain 8 eae (6-0) 
_@sin? Bp ba, 

sin? (8 — a) 

giving the small change dz in x due to a small change da in a. 


Again, in Ex. 7 of p. 176, we have 
a? +b? —¢? 


Othe 


Hence, c being constant, we have, on differentiation, 
(2ada+2b5b) . ab — (a? + b? - c?) (db + bd) 


-sinC.6C= Dab? 
mz Qac cos B.da+a.2becosA. 5b 
2a*b? 
ccos B c cos A oa 6b 
2 =- _ £7 — ——, cot B-— . cot A. 
wne= aaa * ab sin C b 


tts 1 12 


CHAPTER XIL 
MISCELLANEOUS PROPOSITIONS, 


Solution of a Cubic Equation. : 
149. The standard form of a cubic equation is 
y® + 3ay?+ 38by+c=0. 
Put y= -—a, and this equation becomes 
a — 3 (a*— b) & + (2a? — 3ab+c) =0, 
i.e. it becomes of the form 
OP — SDE + =O. eves csnssasnaee (1). 
Hence any cubic equation can be reduced to the form 
(1), which has no term containing #2’, 
150. To solve the equation a — Spa +q=0. 
Put a=, and we have 
= Bpnre +Gni Vener ccasscneceek (2). 
Now, by Art. 107, we always have 
cos 30 = 4 cos? @ — 3 cos 0, 


3 1 
so that cos? 0 — Z°o8 g— Z 008 30 = .seeaceees (3). 
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Now (2) and (3) are the same equation if 


z=cos 0, 3pn?= and —5 cos 36 = qn’ 


4? 4 
Hence n= (3): 
4p 
and therefore cos 36 = — 4q Ge): Pek lethe tens weeeal &), 


The equation (4) can always be solved (by means of 
the tables if necessary) if 


p be positive, and 4q G)< 1; 


4.¢. if gq? < 4p’. 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan’s Method. It 
is the case when the roots of the original cubic are all real. } 


If 6 be the smallest angle satisfying equation (4), then 


the values 6+ =z and 6+ = 
also satisfy it, so that the roots of the equation 
wv’ —3pr+q=0 
are Lae 6, Lee (0+77), and ene (0+ 3) 
n n 3 n 3 


nN 


; 2a Ar 
1.6. 2/pcos 8, 2,/pcos (0+). and 2 4/p cos (0+ 3)" 
[See also Ex. 81, Page 203.] 
151, Bx. Solve the equation 
23+ 62?+9r+3=0. 
Put s=y—2, and the equation becomes 


y> — 3y + 1=0. 
122 


180 TRIGONOMETRY. 


Put y=- , and the equation is 


28 = 3n2z + m* = 0) seeaede see eeeooesos suecsessenes la 


Now cos? 6 — ; cos 0 5 COS'30=0. nessdeccsersen<searesleys 


Equations (1) and (2) are the same if 


#=cos 0, nat ,» and — i008 30=n8, 

i.e. if n=5 ’ 
and cos 839= — 5008 Ter ccecccesetevercenseeee (3). 

The roots of (3) are clearly 

40°, 40°+120°, and 40°+ 240°, 
so that z=c08 40°, or cos 160°, or cos 280°. 
“ y=2cos 40°, or 2 cos 160°, or 2 cos 280°. 
eo L=y—2=—-—2+4+2cos8 40°, or —2—2c0820°, or —2+2.c0s8 80°. 


On referring to the tables we then have the values of x. 


EXAMPLES. XXIII. 


Solve the equations 

1, 2a3-32-1=0. 2. 29+323-1=0, 8, w-247-32=0. 
4, 2§-627°2+62+8=0, §, «—212+7=0. 

6. «+4422+22-1=0. 7, &-—%r+5=0. 


Maximum and Minimum Values. 


152. In Art. 133, Part I., we have given one example 
of the maximum value of a trigonometrical expression. 


We add another example. 

If cand y be two positive angles whose sum is a constant 
angle a(p), find when sina siny is a maximum, and 
extend the theorem to more than two angles. 
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We have 2sin xsiny=2 sin «sin (a— x) 
= cos (a — 2x) — cos a. 

Hence 2sinasiny is greatesp when cos(a—2a) is 
greatest, 2.e. when a= 2a, and therefore 

e=y=s, 
2 

The product is therefore greatest when the angles # 
and y are equal. 

Let there be three angles a, y, and z whose sum is 
equal to a constant angle 8($ 7). If, in the product 

sin # sin y sin Z, 
any two of the angles # and y be unequal, we can, by the 
preceding part of the article, increase the product by 
substituting for both « and y half their sum without 
increasing or diminishing the sum of the angles. 

Hence so long as the angles a, y, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles a, y, and z are equal. 

This argument can clearly be applied whatever be the 
number of the angles 2, y, 2.... 


153. We can now shew that the maaimum triangle 
that can be inscribed in a given circle is equilateral. 

For, if R be the radius of the circle, we have (as in 
Ex. xxxvi. 10, Part I.) the area of the triangle 

= 2R*sin A sin B sin C, 
where 4+B+C=2r, a constant angle. By the preced- 
ing article it follows that the triangle is greatest when 
A=B=0. 
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154. Ex. Find the minimum positive value of the 
quantity a* tan « + b? cot a. 
Let atana +b cotba=y, 
so that a tan’a —y.tana+b?=0. 
Solving this quadratic equation, we have 
yt dp 40D, 
2a? 


Since tan 2 is real the quantity under the radical sign 
must be positive, so that y? must be > 4a%b*. 


tan «= 


Hence the least value of y is 2a, and the corresponding 


value of tan z is ms 


EXAMPLES. XXIV. 


]. Ifz+y be a given angle, less than z, prove that 
(1) sinz+siny, and (2) cosxcosy 
both have their greatest values when x=y. 


2. Ifz+y bea given angle, < 5) prove that both cos ++cos y and 


cos? + cos?y have their greatest values when t=y, 
Find the greatest, or least, values of 


2 cos 6 J/3 
3 3 Diaoaes 4, asec @—btan @. 


cosec? 6 — cot 8 
cosec? 6+ cot 0° 


5. 


6. a? sin?6 +b? cosec? 9. 


7. a*sec? 6 + b? cosec? 6, 


If x+y be equal to a given angle 2a, which is less than w, find the 
minimum value of 


8. tana+tan y. 


9. seca+secy. 
We can easily prove that 


1 1 
Bec © + Sec y =COS - : a 
y «| setecajraee t aaecaeas | 
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10. If2+y=a, where ais + 5 , find when tana tan y is a maximum, 


2cos a 
[ We have 1— tam 2 tam y= aaa) 


11, Prove that the maximum triangle having a given perimeter is 
equilateral. 


[ The area of a triangle can be proved to equal s? tan tan : tan | 


12. Ifz, y,z... be angles whose sum is equal to a given angle, and if 
each of the angles be positive and less than a right angle, prove that the 
product cos x cos y COS Z...... is greatest when the angles are equal. 


18. If ABC bea triangle, prove that the quantities sin A +sin B+sin C 
and sin Asin Bsin@ have their greatest values when the triangle is 
equilateral, 


14, Prove that the area of the pedal triangle of an acute-angled 
triangle is never greater than one quarter of the area of the latter. 


15. If ABC bea triangle, prove that the least value of 


cos 24 +008 2B +008 20 iss. 


Prove also that cos 4+cos B+cos C is always >1 and not greater 


oy 
than 3° 


16. If ABC be a triangle, prove that the quan‘ities 
cot A+cotB+cotC and cot?4 +cot?B + cot?C 
both have their least value when the triangle is equilateral. 


On the geometrical representation of complex 
quantities. 


155. In Chap. IV., Part 1, we pointed out that if a 
distance in any direction (say, horizontally towards the 
right) be represented by a, then —a represents the same 
distance drawn in an opposite direction, ¢.¢. horizontally 
towards the left. 
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The effect of prefixing — to a is therefore (Fig. 
Art. 48, Part I.) to rotate OA in the positive direction 
through two right angles. The operation —1 performed 
on a therefore means turning a through two right angles. 


156. Now V—1x*V—1=-—1; hence whatever mean- 
ing we give to the operation V—1 it must be such that 
performing that operation twice shall be the same thing as 
performing the operation — 1. 

Let us therefore assign to the operation V—1 the 
turning any length through one right angle in the 
positive direction. Performing the operation V—1 on a 
twice will therefore, as it should do, turn a through two 
right angles. . 

Hence, with this interpretation, /— 1a means a line 
drawn at right angles to the line denoted by a. 


157. We can now shew what is denoted by 
a+Vv—1 y. 

Draw OX and OY two lines at right angles. Measure 
along OX a distance OM equal to # and 
then draw MP parallel to OY and equal 
to y, so that MP represents V—1 y. 
Then P is the point that represents the P 


Y 


quantity «+V—ly, or, again, we may o MX 
say that OP is the line representing this quantity. 


We have OP =V0M?+ MPi=Ve+ yp, 


and 2 MOP = tan om =tan— - 
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Hence the length of OP represents the modulus and 
MOP the principal value of the Amplitude of # +iy. 
(Art. 18.) 


158. Addition of two complex quantities. 

Let OP represent the complex quantity «+ iy and 
OQ represent u +1, so that 

ON=2, NP =y, OM=u, 
and MQ=v». 

Complete the parallelogram (REE 
OPRQ, and draw RL perpendicu- OM NL x 
lar to OX and PS perpendicular to RL. 

Since PR is equal and parallel to OQ, we have 

NL=PS= OM, and SR= MQ. 


Hence OL=O0ON+NL=2+4u, 
and IR=IS+S8R=y +. 
Therefore OR represents the complex quantity 
etuti(yt+y), 


so that the sum of two complex quantities is repre- 
sented by the diagonal of the parallelogram whose two 
adjacent sides represent the two given complex quantities. 
159. Let 
x+y =r (cos 8 +7sin 8), 
as in Art. 18. 


Then 
(cosa +4sin a) (# +) =r (cos a+tsin a) (cos 0+7sIin A) 
=r [cos (a+ 6)+7sin (a+ @)]......... (1). 
Now r [cos @ + ¢sin 6] 


means, with our interpretation, a line of length r drawn at 


an angle 6 with OX. 
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Also r [cos (a + 8) +1 sin (a + 4)] 
means a line of the same length r drawn at an angle a+ 0 
with OX (Art. 157). 

Hence, by (1), the effect of multiplying w+ by 
cosa+%sin a is to turn through an angle a the line that 
represents # + 1y, 


160. Geometrical meaning of De Mowre’s Theorem. 

The quantity 
(cos a+1 sin a) (cos 8+1 sin 8) (cos y + t sin y)(cos +7 sin 6) 
means the line represented by cos 6+7sin 6 turned first 
through an angle y, then through 8, and finally through 
a, t.¢. altogether turned through a + B+ 4. 

But this total operation gives the same line as 

[cos (a+ 8 + y) +tsin (a+ 8 +¥)] [cos +7sin é}. 

Similarly for any number of factors. 

Hence De Moivre’s Theorem expresses algebraically 
the geometrical fact that to turn a line through a number 


of angles successively has the same effect as turning the 
line through an angle equal to the sum of the angles. 


Ex. The three cube roots of unity are easily found to be 


2a 
cos 0+7¢8in 0, cos ati sin - 


and cos ial i in are 
3 i = . 
8O that we have 


(cos 0 +7 sin 0) (cos 0+ sin 0) (cos 0+ sin 0)=1, 
PAD At Ptah Pe on. Phe 2Qar Qa 
(cos 3 tisin =) (cos “F + isin 2 (cos =F = he sin +)=h 


4 Feet! ce ee : 
and (cos Sf + isin 3) (cos +i sin 3) (cosF+-éein Z) <1, 


_ 
’ 
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The first of these equations states that turning a line three times in 
succession through a zero angle gives the original line. 
The second states that turning it three times in succession through 


an angle = » (i.e. altogether through 27) gives the original line. 

The third states that turning it three times in succession through an 
angle , (t.¢. altogether through 42) gives the original line. 

These statements are all clearly true. 


161. Multiplication of two complex quantities. 


If a+1ty =r (cos 6 +7sin 6), 
and u+iw =p (cos d+isin ¢), 
we have 


(u+ w) (e+ ty) = rp [cos (0 + $) +74 sin (6 + >)|. 


The effect of multiplying a complex quantity #+iy 
by another w+ is therefore to turn the line repre- 
senting « + ty through an angle 


¢ E e. tan =| ; 
and to alter its length in the ratio 
1:p,te@1:Vw+v% 


Hence the multiplying of one complex quantity by 
another is represented by “a turning and a stretching.” 
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MISCELLANEOUS EXAMPLES, XXV. 


J, Prove that the equation tan «=k has an infinite number of real 
roots. 


9. If A, B and C be the angles of a triangle, prove that 


1-8cos A cos Bcos C 
is always positive. 


3. Ifaand f be the imaginary cube roots of unity prove that 
ae” + Beh” = —¢ a [Bin eo: cos 38 j 


4, If « be less than a radian prove that c=2, / ee ce very 
5+cos 


nearly, the error in the left-hand member being nearly ie radians. 
5. If cos (@+71¢)=sec (a+i8), where a, B, 0, and ¢ are all real, prove 


that 
tanh? ¢ cosh? 8=sin*o, and tanh? cosh? ¢=sin? 0, 


6. If g=2cosacoshf and y=2sina sinh p, 
prove that 
4a 
sec (a +78) +8e¢ (a — 78) = es ; 
and sec (a +78) — sec (a — 78) = a ar 


7, Prove that 
sin” ¢ cos né +nsin™—! 4 cos (n—1) 6 sin (0 — ¢) 


n(n—- = 
Le 


_— sin"? ¢ cos (n — 2) 6 sin? (@— )+...... +sin" (0 — ¢) 


=sin” 9 cosnd¢. 
8. Prove that the roots of the equation 


x" sin nO — na” gin (nO + d) + a 2"? gin (nO + 2¢) 
= eee to (n+1) terms=0, 
are given by =sin (0+ -k") cosec (0-k2), 


where n is an integer and & has any integral value from 0 to n—1. 
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Q9. Prove that the sum to infinity of the series 
: 1sin?@ 1.3 sind¢ 
BNO +5 3 agra BF evens 
is 0, if 0 be acute, and, generally, is nw+(-1)"6, where n is so chosen 


that nr +(-1)" 6 lies between — 5 and +3. 


10, If the are of a circle of radius unity be divided into n equal ares, 
and right-angled isosceles triangles be described on the chords of these arcs 
as hypothenuses and have their vertices outwards, prove that when n is 
indefinitely increased the limit of the product of the distances of the 


a 
vertices from the centre is e2, where a is the angle subtended by the aro 
at the centre. 


1]. The sides of a regular polygon of n sides, which is inscribed in a 
circle, meet the tangent at any point P of the circle in 4, B, GC, D...... 
Prove that the product PA.PB.PC.PD......=a™tan n6 or a®, according 
as m is odd or even, where a is the radius of the circle and @ is the 
angle which the line joining P to an angular point subtends at the 
circumference. 

12. Aregular polygon of n sides is inscribed in a circle and from any 
point in the circumference chords are drawn to the angular points; if 
these chords be denoted by ¢,, Cg, ... Cn, beginning with the chord drawn 
to the nearest angular point and taking the rest in order, prove that the 
quantity 

Cy Cg + Cylg +... + ln1ln — Cn Oy 
is independent of the position of the point from which the ghords are 
drawn. 


13, Aseries of radii divide the circumference of a circle into 2n equal 
parts; prove that the product of the perpendiculars let fall from any 
point of the circumference upon n successive radii is 

Te 
= 
where r is the radius of the circle and 0 is the angle between one of the 
extreme of these radii and the radius to the given point. 

14, If a regular polygon of n sides be inscribed in a circle, and 1 be 
the length of the chord joining any fixed point on the circle to one of the 
angular points of the polygon, prove that 


gin 6, 


Z2"=na™ 


|2m 
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15, ABCD... is a regular polygon of n sides which is inscribed in a 
circle, whose radius is a and whose centre is O; prove that the product of 
the distances of its angular points from a straight line at right angles to 
OA and at a distance b(>a) from the centre is 


[me (jet) =a (Game) 


16. Prove that there is one, and only one, solution of the equation 


@=cos 6 and that it is less than ; 


17. Prove that the general value of @ which satisfies the equation 


(cos 6+7 sin 0) (cos 26 +7 sin 26) ...... to n factors=1 
is ee where m is any integer. 
n (n+ 1) ? Jy ig = 


18. Prove that 


eT e-Fa2{1 427} {t es G)t {1 5 G)| . ad inf. 


19, Prove that 
a gS 2? ; i — /3a 
alee et occ inf.=5 | e+ 2¢ 2 cos (4 ] 


20.. Shew that 
a? 


x4 gio 
Tse oe eeates 

a! L2 x /3 - &/3 

=3° 3° i (cos 9 ~y/3sin=¥"), 


21. Shew that the sum of the series 


ie 1 8x4 
> Lae 1st Gre valk st 759 cae 


92. Prove that 


co. mes der Bp reli ae scineriins c co ~ 
17 egy nay 7a To wee 
Qa 4a 
and sec — +sec—+.,, pes oieeg eee =} 


“7 17 17 17 
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23. If a=5 » prove that the values of 


cos a+cos 5a+cos 17a 


and cos lla +cos13a+cos 194 
are respectively aie rn ee Ee i ee es A 


24, Prove that 


tana+tan (a+) +tan(a+) 


+ tan (a+) +tan (a+) =stan 5a. 


Tr 


25, Shew that the equation whose roots are tan is 


, where r is any 


number including unity less than and prime to 15, is 
28 — 9226 + 13444 — 282241=0. 


26. From the sum of the series . 


sin 29 eee en 66-... ad inf., 


2 3 
or otherwise, shew that 
ee ee ee Se | - 
qaltg-E-qtoty- ad inf 


27, Assuming equation (4) of Art. 53, shew that 
oy a nl 
3 2 3.5 3 
28. Prove that 
1 sinha Ss eos { 1 v3 ie | 
Qz cosh z—cosa a2+22 42, |(2nw—a)?+22  (Qnr+a)?*+2? 


99. Prove that the general value of sinh"! is 
ike +(-1)'log[z+./1+27], 
where & is any integer, 
30. The side BC of a square ABCD is produced indefinitely, and 


along it are measured CC,, C,C,, C,C;,... each equal to BC. 
If 6,, 0,, 93,... be the angles BAC,, BAC,, BACs,...... , prove that 


sin 6, sin @, sin 03... ad int.=2,,/ x 


er lank 
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Silo GE fis FPN aeccc p, be the distances of the vertices of a regular 
polygon of n sides from any point P in its plane, prove that 
1 1 il n yen — gan 
pe pa peas + 52 = al pe — Da" cosnd +a’ 


where a is the radius of the circumeircle of the polygon, r is the distance 
of P from its centre O and @ is the angle that OP makes with the radius 
to any angular point of the polygon. 

82. If6+¢+yW=2r, prove that _ 

cos? 6+ cos? + cos? y-—2 cos 8 cos ¢ cos Y=1. 

Hence deduce the relation between the lengths of the six straight 
lines joining four points which are in one plane. 

33. Shew that the general value of log (—1) is (2n+1) wi, and point 
out the fallacy in the following: 

log, ( —1)=4 loge ( - 1)?=4 log,1=0; 
a= i= e=1, 


n=O 

84. Prove that the series = «" sinh (n+1)a is convergent if x is 
n=0 

numerically less than e—«, a being assumed to be pee and that the 


sum is sinh a/(1— 2x cosha+<2); but that the rine cz Fe sin (n+1) a is 


convergent provided that x is numerically less on “nity, the sum 
being sin a/(1 —2% cos a+<22). 


35. Assuming the formula for sin 6 in factors, prove that 


(1+2) (1-3) (1 +7) (a- a) (1+3).. . = 608 — we +a/3 sin a 4 


where the signs alternate in the factors and the ee are the odd 
integers not divisible by 3 in ascending order. 
ee 1 1/3 
Shew th =a = 
hew that il 53 t 7 {ist to% ve 

36. A point is taken in the plane of a regular polygon of n sides at 
a distance ¢ from the centre and on the line joining the centre toa vertex, 
and the radius of the inscribed circle is r. Shew that the product of the 
distances of the point from the sides of the polygon is 


Cu aft Sie A 
gn=2 008” | 5 Cos ; jE 


cn 


: n T\ae 
and is an snag cosh? G cosh“! 3) itt ORR 
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ADDITIONAL MISCELLANEOUS EXAMPLES. 


LL. If (q,+0,%) (ag+ bgt) ... (a, +6, i) =A+Bi, prove that 


by 
fant ‘ar? ba +...+tan7} n= tan} 
ag Ly 


lbs 


[Use De Moivre’s Theorem.] 


2. When z is small, shew that 
F a? at 
log sin a=logs-— ~ Te0° 
3. Shew that 
sinh (8 — y) +sinh (y- a) +sinh (a —£) 


=4 sinh = sinh = sinh = 


193 


4, Prove that the circular measure of an angle @ is equal to the sum 


of a constant and one of the two series 


1 i 
tan @—; tan? 6+ z tan’ O—..., 


1 1 
— cot O+5 cot? @—= cot'é+..., 


distinguishing the cases. 
Give the constants for the angles 49° and 200°. 


5, Sum the series 
a? 3at 528 at 
s 2 ae ie jer .. to infinity. 


6. Prove that 


coth-! 2=5 log 4 a 


Expand coth-! x in a series of powers a x. 


7, Shew that 
i 1 1 1 
2cosa—2cosa-—2cosa—...—-2cosa+p 
sinna+p sin (n—-1)a 
~ sin (n+1)a+psinna’ 
there being n quotients on the left-hand side. 
[Use the method of Induction.] 


1), Ets 18 
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8. Shew that the geometric mean of the cosines of n acute angles is 
never greater than the cosine of the arithmetic mean of the angles. 


9, Find all the cube roots of 88+16 ./—1 having given that, when 
2 
tan @=2, then tan 30=77 r 


10. Find the limit to which 


sing _,-SiN®_ oteng 
tan 2 —- x 
tends as « tends towards zero, 


é 


11. Prove that 


(i) aten | /o— ? tan 2 bare 
+b a+bcosa’ 


enn — x 
Jo+a+/b-a tans b+a cos & 
=cosh-) ——_—___ 


eee +b cos z° 
Jo+a-/b-a tan 5 ss 


(ii) log 


12. Find the sum of the series 


rete Cae Z 
La sin 2a - 5 sin fet eae sin 6z—... ad inf, 


for all values of « between 0 and rr. 


13. Prove that the sum of n—1 terms of the series 


fan a tan 2a+tan 2a tan 3a+tan 3a tan 4a .. 
is equal to tan na cot a—n. 


Deduce the sum of the series 
1.24+2.343.4+... to (n—1) terms. 


14, Prove that 
vox! ,86.100.196.324... 
~ §.385.99.195.323... ” 
atte, V3 _ 8.80.224. 440... 
2 9.81.225.441...° 
[Use the result of Art. 123.] 


ADDITIONAL MISCELLANEOUS EXAMPLES. 195 


15, A triangular piece of ground is surveyed and the sides measured 
as 200, 300, and 400 links respectively; but the measuring chain has 
worn so that its real length is 2°/, greater than its nominal length. 
Find the error in the calculated area of the triangle in square feet, if 
100 links=66 feet, 


16. In any triangle, shew that the radius of the inscribed circle is 
never greater than half the radius of the circumscribed circle. 


[Use the Corollary of Art. 204, Part I.] 


17. If «=cos@+./-—1sin @, prove that 
Bee 2P 
22+ 2a+ 2a+ 

= (cos 6+ cos? aya -cos 6+/—-1 [(cos 6 — cos? 0)3 — sin 6]. 


18. Prove Snellius’ formula, that « differs from 


eee eee b = near! 
2(2+c0s 2x) 7 ys 
when z is small. 


19. Shew that ; 
tan— (: =<) ee log La 
z+a 2 z 
90. Sum to infinity the series 


7 cpa eee 
A, ey ee a 


the numerators being in arithmetical progression. 


[ Put o=7 in the result of Art. 94. | 


21. Sum to infinity the series 
cos@ cos26 cos 36 


Teo gessta o8:.4 


92. Sum to n terms the series 
tan a+2 tan 20+ 2? tan 2?a+.... 


an’ = in a series of sines of multiples of 0. 


23= Expand 1—sin a cos 0 
138—2 
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94, Sum the series 
n= An+B 
n=-» (n+a) (n+b) (n+c)° 
[Break into partial fractions and use Page 158, Ex. 7.] 


25. If cos?+cos¢+cosy=0, and sin#+sin ¢+siny=0, 
then cos 30 + cos 3¢+ cos 3 —3 cos (6+ ¢+y)=0, 
and sin 39 +sin 3¢+sin 3y —3 sin (06+ ¢+y)=0. 


96. Shew that the angle whose sine is iN3 differs from the seventh 
part of two right angles by less than the thousandth part of a radian, 
27, Shew that the area of a segment of a circle of height h, 


bounded by a chord of length ¢, is she, if powers of above the first be 


neglected. 
28. Shew that the solutions of the equation sinh z=sinha are all 
included in the expression 
nri+(-1)"a. 
29, If x lies between 0 and 27, prove that 


sin 22 sin ee 4a dint 
13 94" 65 coo 


1 Ae 
=7 sine [2-4 tog (2 sin 5) : 


80. Given that tan (#+ 6) cos 2a=tan ¢, 
prove that 


0=tan? a sin 2 +5 tanta sin 46+ 2 tan’ a sin 6¢+.... 


31. The area of a triangle is determined by measurements which 
give b=125 feet, c—160 feet, A=57° 35’. Another set of measurements 
give bj=125°5 feet, c,=161 feet, 4A,=57° 25’. Find the percentage 
difference between the second determination of the area and the first. 


2 


32. Find the maximum value of 
sin (a — 8) +sin (8 —-y) + sin (y—a). 


[Consider the maximum area of a triangle ABC inscribed in a circle of 
centre O, where OA, OB, OC make angles a, 8, y with a fixed line.] 
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33, From the identity 
a? b2 c2 
(a=) (a=«) * (=a) (0-6) * =a) =H) 
deduce the identities 
2 cos 3 (a+) sin (8—-+) 
=4 cos (30+a+8+) sin (8-7) sin (y—a) sin (a - B), 
and Zsin 3 (a+) sin (8 —- +) 
=4sin (30+a+8+7) sin (8 —-+) sin (y— a) sin (2-8). 
[Put a=cos (2a + 26) +i sin (2a + 2¢) etc.] 


84, Prove that tan 2-24 tan 5 differs from 4 sin 7—-15x by a 


quantity of the seventh order at least. 


35. If a be the length of the chord of acircular arc, and b that of 
the chord of half the arc, prove that the length of the arc is 
8b-a 
3 
If c be the length of the chord of one quarter of the arc, prove that 
a nearer approximation is 


approximately. 


a—40b + 256c 
45 > 


If the arc be a quadrant, shew that these approximations give the value 
of + correct to 2 and 5 places of decimals respectively. 


86. If log, log,(x+iy)=p+igq, then 
y= tan {tang log,V2?+y?}. 


37. Prove that 


cos? @ cos®é@ cos 36 ~=cos 50 
Se eet: we iB —... cos a— B + [5 Bese 
cos?@  cos*@ a cos20 | cos 40 _ : 


Le 


1- 2 (4 — see rae [2 eee 


38, Find the sum of the series 


gin 9 sec 39 + sin 36 sec 370 + sin 370 sec 399 +... to n terms, 
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39. Ina triangle ABC, if b<a, shew that 
5 Ores LIb2 2, a i sae 

(i) aa sin +5 qa sin 20 +5 Gp iD BC + way 


n(n+1) b? 


nr 
and (ii) a* sinnB=n sin 0+ rg asin 2¢ 
n(n+1)(n+2) B. 
+ 1.2.3 ga in 3C +... 


40. The sides of a triangle are observed to be a=2, b=3, c=4, but 
it is known that there is a small error in the measurement of c; find 
which angle can be found with the greatest accuracy, 


41, From the identity 
g(t—b)(e—-c)  ., (t—c)(x-a) (ta) (xb) _ rf 
(a — b)(a—c) (b-c)(b-a) (c-—a)(c—b) ~’ 
obtain the identities 
sin (6 — 8) sin (0 —y) 
sin (a — 8) sin (a — y) 
sin (9 — 8)sin (@ — +) 
sin (a — 8) sin (a — y) 


cos 2 (8 +a) +two similar terms=cos 46, 


and sin 2 (6+<a) +two similar terms=sin 46, 


Ae 
49, If tan (@- ¢) = and e be small, prove that 


cane a se : 
$=b-5 sin 26 — — (2 sin 20 — sin 40) +.... 


8 
AS mals cos(F sing )=sin (F cose ), 
shew that @ has four sets of values given by 
3 ., 4n—1+N16n?-8n-1 
£9= —\r+ 
0 (2m+3)x ilog 2 = Ey, 


where m and n are any integers, positive or negative, and m may be 
also zero, 


What is the solution when n=0? 


44, Find the sum to n terms of the series 


() 0 0 0 0 
tan @ tan’ > +2tan 5 tan? pat 2 tan 5, tan? 5+.. - 
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t 
45, If cot dei +cot 6, expand ¢ in a series proceeding by ascending 
powers of x. 
46. Shew that the sum to infinity of the series 
1.2 2.3 8.4 
a eee 
F a? (12 — 2?) 
384 7 


[Use Art. 127.] 
47, Evaluate the continued fraction 


2 2 9 
cot 20— cot226—... —cot2"-19- tan2"9° 


cot 6 — 


48, Prove that in any plane triangle the value of 
tan Btan C + tan Ctan 4+tan 4 tanB 
cannot lie between 0 and 9. 


[Shew that the expression=1+sec A secBsecC and then apply the 
method of Art. 152.] 


49, If cos z=cos (z+z) cos A+sin (z+) sin A cosh, where « and A 
are so small that powers higher than their cubes may be neglected, 
shew that 


a2=Acosh—- 5 A? cot 2 sin? h+5 a8 cos h sin? h. 


50. Prove that if ee oi fy eae 
can have real values, one of them is 
(sec ee ° 
51, Sum to n terms the series 
cot 2a cot 3a cot 4a 
T—cos®2asec?a | 1—cos?38asec?a ' 1—cos*4asec?a ies 


52. Prove that 
ahs +coseo§ = (1- eft) -3 fe (1 val e914, 


and deduce an expansion of 


c Z afl eaeco” 
2 ce? 


in cosines of multiples of 0. 
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53, Prove that 


(eel hg a 9 (2r— | 
eee y ee ee = hl z+ tan sy pe 


[Use the first formula of Art. 120.] 


54, Find the sum of the series 
1 xh 1 7 
Tot a 33 + 35-qat..-ad inf. 
65. Shew that the area of the greatest triangle, whose base is b and 
P ; 4 rb? 
the ratio of whose sides is r, is 2 (=1)" 

56. Shew by a graph that the equation sin x=tanh x has an infinite 
uumber of real roots, and that the large positive roots occur in pairs one 
a little less and the other a little greater than (2p+4) 7, where p is a 
large positive integer. 

eae Se ee eee 

57. Regular polygons of n sides are inscribed in and circumscribed 
to a circle. Shew that, if n be large, by taking the mean of the peri- 
meters we get a nearer approximation to than we should get by taking 


73 
the mean of the areas by about ian" 

58, A regular polygon of n sides is inscribed in a circle of radius a; 
prove that the sum of the reciprocals of the distances of the angular 
Points of the polygon from a tangent to the circle is 

2 


n 
2 

Ba cosec? né, 

where 26 is the angle which a radius drawn to the point of contact of the 


tangent makes with the radius drawn to one of the angular points of 
the polygon. 


59. Shew that the principal value of 
(a + bi)P tas 


(a — bi)P-a 
ig cos 2(pa+gq log r) +i sin 2 (pat+qlogr), 
where r= q2 +b?, and a= tant? : 
a 


60. Sum to n terms the series 


COSEC 6 + Gosec a+ cosec eo ee 


Ss FF 
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61. Sum to n terms the series 


1 1 1 
1—tanha tanh 2a :, 1 — tanh 2a tanh 4a + 1 — tanh 3a tanh 6a > 


62. Shew that 
sin @ 


—-—_— = = a aectd ai 
Ppa yicces .! oo! Bains 1) 4 


638. Prove that 


(E+)F)(F+8)~ ons 
(E+) era) 


64, Prove that 


sin 0+0080=(1+ = a )(1- (143 Ne een 


and deduce that 


1 = 1 1 a 
— gat ga qa t+ =39° 


[ zm the result of Eas. XXI, No. 13 put a=7 Then take logarithms 


and equate the coefficients of powers of 0. | 


65. Shew that 


7 + cos? Ck CL dal + 00s? = + cost om = 2 
Ty, Tl il tae ri 


66. If «=sin = , shew that « is a root of the equation 
6426 — 9624+ 362?-3=0, 


and write down the other roots of the equation. 
67. Shew that the roots of the equation 
iad 6y! + 6y3 + By? - 8y +1=0 
are the values of 2cos —, where r has either of the values 2, 4, 8, 10, 


a 
16, 20, 
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68, If x+w=b (cos 8+ sin £) (cos 6+c8in 6) 
+c (cos y+¢sin +) (cos @—csin 8), 
where b, 8, ¢, y are real constants and z, y, 6 real variables, shew that 
as 0 varies the point (x, y) describes a conic section, 


: Be? . Ae 
69. If $=0 — 2e sin 6+ 7 sin 20-5 sin 30, 


2 3 
prove that 0=¢+2esin d+ = sin 2¢ +5 (13 sin 3¢ —3 sin ¢), 
where powers of e above the third are neglected. 


70. Prove that, if powers of @ beyond the fifth be neglected, then 


g=2sin 6 + a/ (sino sin 5) +(1—cos 6)? 


71, If A, B, C, D be four consecutive vertices of a regular heptagon 
inscribed in a circle of radius unity, prove that 
AC+AD- AB=,/7, 


72. Prove that 
7 6126 138528 
sec z=1 zn = + 


Bit ie ag 
822 os bate 5 


Be Slee 


73. Ifnis odd, prove that 


and sec? a =1+ 


Qa 4a (n-1)r 1 
929) 927 a Meee) eee = 
cot In + 008 In te t cot Sune (n—1) (n-2), 
74, If n be even, prove that 
cot? ze +cot? = mah, . +cot? = n(n—1), 


75. If nis an even integer, prove that 


T 5a Or 2 (2n-3)r_ nn? 
ec? — a 2 = ca BS 
BC 5 5, Pe Ont See Bn tor FBC On 5} 


76, Prove that 
r=n-1 
3 sec? ( a+ = ) 


r=0 
is equal to n? sec? na, or to 
n2 
n > 
1-(-1)? cos na 
according as n is odd or even, 
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77. By equating the coefficients of n® in equation (4) of Art. 52, 
prove that 


$5)3. Ay att oe ae eed i a ee a 
a ts — — . — — pal) estate aia ézt paz = Nee 
gu 5 a+ (qt) 5a s+(atpta) ae aprtens 


78. Solve the equation sinh c=3z bya graphic solution, and thence 
obtain a nearer approximation by analytical methods, 


79. Solve the equation e*=32 by a graphic solution, and thence 
obtain nearer approximations to the answers by analytical methods. 


zx 


shew that cos x cosh z=1, 


By means of a graph and the Tables, shew that the smallest root of 
this equation is 4°730 approximately, and find roughly the values of the 
other roots, 


81. If two of the roots of the cubic 2?-38px+q=0 are imaginary, 
so that g?>4p3, shew that (i) if p be negative, the roots are 


»/—4p sinhu, ./—p[-sinhu+i,/3 cosh u], 
where sinh Bu=5 rok Sag 
pN-p 
and (ii), if.p be positive and q be negative, the roots are 
/4p coshu, s/p [-cosh u+i,/3 sinh wu), 


1 
where cosh 3u= — — ae bas 
2p Jp 
...ad inf, ne? 
82. If Edad =a (cosat+isina), 


shew that the general value of « is r (cos @+7sin 9), 


(2nr +a) sina+logacosa 
MLL ae ee 


where log r= a 


pee eo) 008 ea logs sine 


and 5 


83. Criticise the fallacy 
= (e~ Sidi [emi] = 08-2", 
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1 7 
84, If s=(2nt1)5, 


where n has any positive integral value, prove that the solutions of the 
equation tanz=x are approximately 


if 2a* 
z G gs Nig 
1 1 1 1 r-2 
85. Prove that 1.879 S6 372 hae ae 
bcd | 1 1 r/2-4 
and S16 79 ll Ae aie = 
1 » t= 
[ For the second part, in the expansion of log i= pute=iJi=—y. 
Sum to n terms the series: 
86 sin 3a sin 5a sin 7a 
. cos 2a cos 4a ° cos4acos6a  cos6acos8a.*** 
tan’ 9 1 tan? 3@ #3 1 tan? 329 - 
87. 1-3 tan?6 31-8 tan?3@ ° 321-83 tan2329° °"** 
88 14+2cos2a 14+2cos4a 1+42cos8a 
: sin 4a sin 8a sin l6a ae 
Oat 8 40. Gnas eRe 
89. 2cos 5 +2 C08 5 C08 5, +2 COS 5 COS 55 008 55 + ..+ 
90 2 cos 6 — cos 36 2 cos 36 — cos 326 
5S sin 30 sin 326 
2 cos 3-19 — cos 3"9 
1 a 
a? sin 3"@ 
91 3singz—-sin3z 38sin 3x—sin 32z 3 sin 8"—1yg ~ gin 38" 
cos 8a 3 cos 32a ia 3"! cos 38%x . 
99 sina sin 3a sin 5a 
" cos2a cos2acos 4a ' cos 4acos6a'‘** 
93 sin 0 xs sin 30 sin 96 
"cos 6—cos 26 © cos 30—cos 66 cos 96 —cos 180+ par 
94. sin 32 sin 6x sin 122 


sin «sin? 2a ° sin 2x sin? 4x‘ sin 4¢ sin? 84 ea 
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1 . 
95. 5 tan 20 tan?6+ > tan 276 tan?26+.., + gp tam2r 9 tan?2"-16+.... 


96. tan“ = +tan-1 7 eo. tan? nae Fm 
97, tan ++ tan ote _+tan-! i mete 
98. tanh-'z+tanh-! ce wien aris ee 
99, tan™ a eae peas 
+tan™ ae + tan- mae 


0 6 6 (i) 6 0 
ee bas Ms n—1 = is ae 
100. cosh gt 2 cosh 5 cosh as oe +2"! cosh 5 cosh g ... cosh in: 


1 6 6 1 6 us 1 6 0 
101. 5 cosec — 3 cot = 3 +5 7 cosec oe cot 55 + 35 cosec 7B cot yt nar 


102. Sum to infinity the series whose rth term is 
he cosré tan’ @. 
Lr 


103. Prove that 


: 5 a 
@—sin 6 cos @=2 sin @ sin? 6 +2? sin g int 2 


2 22 
+23 sin 5, sin? a+ 2 aquint 
104. Shew that 
Aes 
n=0 an on - 2 es 1 
=: 20 6° 
n=l9n-1 cos _ See 


105. Shew that 


4 8 is at 
r= tan} a tan 2 tan-! —+tan-! —_+... to infinity, 


8 9 33 129 
and that 
AP ee hee ant tan} at 
77 tan 13+ tan 97 tan 3a t tan ia9 + 0 16° 


206 TRIGONOMETRY. 


106. Shew that 
n=0 2 37r 
= tan-1 (a =—. 
n 4 
107. Prove that 
cot! 2+ cot! 8 + cot-118 + cot-1 32+... too = 


108, Find the sum of the infinite series 


re) 


4 of 
iia SiG x ger: mats 


109. Shew that 


7 3 19 
enti ..ad inf, 


te LB UNLS ( 
(l+2)? (l+a+2%) ,/8 1 7/3 
(=a)"(l—2 +276 tan i-z 


110, Find the sum of the series 
Toe eae 3 I sei | 


1- 2 
1-3+9-aetig-agta- ad inf, 


11]. Prove that 


= 1 a . m4 +. 3072 — 384 
Ie. 31 + 305: Bot Be Be yt ... to inf, So 96d Gas 
112. Prove that 
1 1 1 1 1 
(1) Tees ize t+ipimt iniet:: . ad inf. =F coth 5 = 5 
and that 
1 1 1 I 1 T 
(2) i+ eit a@yt.-ad inf.=5 = g coth x" 


[Use the result of Ex. 7, Page 158.] 


113. Prove that 


pel 3 5 Te 
T?ya? 3402+ By qe a: .- ad inf, =] sech >, 


and that 
3 5 


7 
Py 3442 Bia 7ygt . ad inf. 
=F 8 cosh ™ 7% 7 sech 
[ use the relation in Ex. 9, Page 158, substituting = ~-= want {#9 


4 2 42 
Jor 0. | 
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114. When n is even, prove that 


(1+4+2)"— (1-—2)" cae 
eS 7 (22+ tan® =) : 
Deduce that * 


tan oH tan a tan at .. tan \ oe Ey 


2n 2n 2n- 2n 


115. Prove that 
(1+a)"—- (1-2) 
2a 


os (2 + tan? ) (= + tan? =) ee (# + tan? =) ; 


where r=3 (n—1), and n is odd. 


116, Shew that the infinite product 


1 1 1 
ltgs oltg I+ 
x —eee eX 
I I eee 
jess ites soa 
tert Ree ee er 


is equal to sech (5 T 3) sinh 7. 


117. If a, B, y... denote the prime numbers 2, 3, 5 ..., prove that 
a2 a a7? B? = p? 
@+l+a? g+1+s7°" 
118, Two regular polygons of n sides 4,, 4g... dy, By, By... By are 
inseribed in the same circle of radius a. Prove that 


to infinity =7 ; 


Il (A, B,) =2"q™ sin” sed ; 
where r and s have all values from 1 to n, and @ is the angle between a 
pair of radii drawn one to a corner of each polygon. 

119, ABCD... isa regular polygon of n sides, inscribed in a circle 
of radius @ and centre O; shew that the sum of the angles that 
APR es CP i.c.. make with OP is 

ei a” sin no 
a®™ cos nO —1"’ 
where OP=r and £2 AOP=9. 

[As in Art. 119 break 2” — a™ cos nd + 72a” sin nO into linear factors, and 
apply the theorem of Ex. 1, Page 193.] 
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120. Along a tangent to a circle are measured from the point of 
contact B distances BB,, B,B, ... equal to the diameter of the circle 
and C,, C, ... are the middle points of these distances. From 4A, the 
other end of the diameter through B, lines are drawn to the points 
B,, By... C,, Cy... meeting the circle in b,, by... ¢,, ¢,..... Shew that 
the product of the chords Bb,, Bb, ... bears to the product of the chords 
Be,, Beg... the ratio 

/m coth w:1. 


121. Shew that 
eS 2 
—l = -l ] a —) ry 
tan~! (tanh y cot z)=tan ‘2 a tan tatty 
Two points, P and Q, at a distance 2d apart are at the same distancec 
from a straight line and are also equidistant from one of an infinite series 
of points uniformly distributed along the line at distances a apart. 


Shew the sum, @, of the angles that PQ subtends at the points is such that 


tan die tan = coth = , 
2 a a 


[Take sin (x+ iy) in factors (Art. 122) and apply the theorem of Ex. 1, 
Page 193.) 

122. Prove that 
or {. 1 ]= cosh 7 —cos 7/8 
nal n?+n-* |" cosh 3/2 —cos + /2" 

[In equation (2) of Art. 180 first put 2a=7 and 20=7,/3; next put 
2a=7,/2 and 26=7,/2. Divide one result by the other.] 


123. Shew that the sum to infinity of the series 


n32 n2 
tan—! n?+ tan! 92 + tan-1 7) + ose 


4 tan a—tanh «a nr 
18 tan) ese = a 
an tan a+tanh a’ arse 2 


[Start with the result of Art. 122 and put 0=nr/ Th 
124, Prove that 


n? 


n? 
—172 a - 
tan7! n?+ tan-1 gat tan 1 a 


+... ad inf.=tan— (tan 6 tanh 6), 


where d= palais * 
2,/2 


es 
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125. Prove that 
tan (cot @ coth ¢) + tan [ ot C + x ) coth | 


+tan7! [ cot (0+) coth ¢ |+... to n terms 


is tan“ (cot né cothng), or tan (cot nd tanh n¢), 


according as n is odd or even. 


[Use the result of Ex. 21, Page 145.} 


126. Find the sum of the infinite series 


; 
tan} jt tan-} at tan“ =e oe. ad inf, 


[Start with equation (2) of Art. 130 and put 2a=20=mrJ2.N/i.] 
127. Prove that 


tan7! # —tan—1 ; 2+tan-! 2 a@—,., ad inf. = tan—! (tan 7) : 


[ Put a= and  ilead 


ri zi" Ex, 13 of Page 159. | 


128. If x be a positive fraction, and if tan—!y mean the least positive 
angle whose tangent is y, prove that 


arin = tan7} [ sinh = sec 


wx "| ; 


"S (-1) tan 
r=0 


129, If ABC be an acute-angled triangle, shew that 
sin A +sin B+sin C>cos A +cos B+ cos C. 
130, The internal bisectors of the angles 4, B, C of a triangle meet 


the opposite sides at D, E, and F, Shew that the area of the triangle 
DEF cannot exceed one-fourth of the area of the triangle ABC. 


131. If 6 lie between 0 and 5 shew that as @ increases from 0 to 8 


the expression 6 sin 0-6 sin f first continually increases and then con- 
tinually decreases. 


re TIL: 14 
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132. Prove that the determinant 
cos6, 1, 0,05 10;0 | oss 0 
1, 2.cos 4, 1, 0, wee 0 
0, 1, 2cos0, 1, 0 


we PT Trt rere rere ee rrr rere ere reer ee eee ee eee errr ree 


LO ware eS COBO 


of n rows and columns is equal to cos n6. 


133. Shew that the nth convergent to the continued fraction 
1 1 al 
2tana+ 2tana+ 2tana+ 


(tan a + sec a)" — (tan a—sec a)” 


> (tan a+sec a)"*1 — (tan a—seca)"1° 


134, Shew that the nth convergent to the continued fraction 


sect a sec! a sec! a 
2-2 tan?a- 2-2tan?a-— 2-2tan?a—°” 


; sin 2na 
cos? a sin (2n+2) a” 
135. Prove that 
sec? a sec? a sec? a sec? a 
4—) -ghs-) fen boae 
to r quotients is equal to 


sin ra 
2sin (r+1)acosa” 


136. Shew that 


[In the following Examples it will be found convenient to use the 
Differential Calculus.] 


137. Prove that 
cot? ¢ + cot® (6 +7) + cot? (0+) +... to n terms 


=n cosec? np cot np —n cot nd. 
[Differentiate twice the result of Ex. 6 of Page 73.] 
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138. The two equal sides of an isosceles triangle are given in 
length; shew that when the radius of the inscribed circle is a maximum 
the angle between the equal sides is 76°, to the nearest degree. 


139. Sum to n terms the series 


pou me ee 1 
Bec a-+3 seo? = +s ec? + ase ext 


140. Sum the series 


1 : 
Sha oy 8 cos 50 


3 3 2.4 5 Gricac ad inf, 


qn-l 


‘mop oasnd i the sum of n partial fractions 


141. Express 
with denominators quadratic in 2. 


142, Shew that 


cos & 1 1 1 if 1 


inte a? * (24a) (a - (Peas eT (ea ams rs ala 


(@ + 2a 
[Differentiate the result of Ex, 11, Page 159.) 


143, An infinite straight line is divided by an infinite number of 
points into portions each of lengtha. Prove that the sum of the fourth 
powers of the reciprocals of the distances of a point O on the line from_ 
all the points of division is 

4 
Said (3 cosec* le 2 cosec? =) - 
3a a a 
where b is the distance of O from some one of the points of division. 
[Differentiate twice the result of Ex. 11, Page 159.) 


144, Prove that 
mo 1 o,/2 sinhre,/2+sinrr/2 1 


a né+a4 423 “coshaz,/2—cosmx,/2  2x4* 
[In equation (2) of Art. 130 put 2a=20=ma,/2; then take logarithms, 
and differentiate with respect to 2.] 
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ANSWERS TO PART IL 


I. (Pages 9—11.) 


8. log, 2. 9. log, 3 —log, 2, 


II. (Pages 24—26.) 
Teena: 
J/2 (cost +i sin 4) : 
J2 [ cos (- 7) +7sin (- 7)]- 
Sr . . OT Bj, HE 
2 [cos +i sin |. 4. b[ Ett 5 


/2+1 ; | 
Jira | Feat Jta2, 2d 
(/6- 12) [cos FF + 4 sin 75]. 
cos (106+ 12a) —isin (106 + 122). 
cos (a + B—y—8)+ésin (a+ B-y—8). 
cos 1076 —7 sin 1076. 10. —1. 
sin (4a + 58) —4 cos (4a + 58). 

cH) T+O0+¢ 


6-— 
RtlajyWn 
2%+1 gin’ 3g” 008.1 3 


7 5 om eal 
cos E+ tsin =; co sp tts 5 


III. (Page 30.) 
—1+4,/3 


9 2. pei, 


i 


+ (008 55 +4 sin i)? where r=3, 7, or 11. 


+4, and + (cos £5 io ttsin 75)? where r=1 or 3. 


12. 


16. 


TRIGONOMETRY. (PART II.) ii 
4/2 (cos 5 qt tsin ia)? where r= 1, 9, or 17. 
3/2048 cs 7 tain =| where r=65, 11, or 17, 
+ 1/2 [cos Fy isin] where r=1 or 7. 
\/ 2 | cos qatising Tal where r= 1, 13, or 25. 


i/4 [cos F +ésin ir where r=—1, 5, 11, 17, or 23. 
+2 and + 2%. 

2, and 2 [ cos FF +f sin |: where r= 2 or 4. 
(004 13. eS atl ee 14 1. 


aol + 4 + cos = + 7 sin = and + co —+?81 ce 
Ss 4 sin . 
Soe ee Sa fee 6 — 6 oy — Bie 3 


The last four values. 


17. 


18. 


19. 


To. TT 
—l and cos +%sin-—, where r=1, 3, or 5d. 


< 7 


-1, cos +isin =, + (cost +isin 7), 
37 3’ 4 4 


and + cos $F + ésin =) 
1 (con 5 + ésin 2), 


2.3/2 cos ae where r=1, 7, or 13. 


IV. (Pages 36, 37.) 


5 tan 6 — 10 tan? 6 + tan® 6 
1 — 10 tan? 6 + 5 tan‘é 

7 tan 6 — 35 tan? 6 + 21 tan® 6 — tan’ 0 
1 — 21 tan? 6 + 35 tan‘ 6 —7 tan® 0 

9 tan 6 — 84 tan? 6 + 126 tan® 6 — 36 tan’ 0 + tan? 0 
1 — 36 tan? 0 + 126 tan‘ 6 — 84 tan’ 0 + 9 tan®d 


29. 
33. 


ANSWERS. 


V. (Pages 46—48.) 


° , ” 1 2 a , 1 
3 48 51 . 73 6° 8. mm 9. b . 10. 3° 
a a+ ab + 6? 
3 12. 5 13. 0. 16 ee 
wn 1 25 
a 16. 2 WF re 18-7: 
nn? — mm 1 
GOs peo ee 21. ae 
ANT 
Dea 23. 24, 24. 0 
3.) mn 
log : 26. 6 27. é& 28.1 aaa 
a 
it 30. 0. | eed 32. ¢? 
el | 
0. 37. 6 ’ = 6 e 


VI. (Pages 52, 53.) 
x — 55a‘ + 33023 — 46207 + 1652 —11=0, 


IX. (Page 73.) 

1 1 * 

gai 008 28, (n odd) ; gn-i [(— 1)?— cos n6], (n even). 
cs " 
(-1) * 5 sinn8, (nodd); (-1)F =, (1-cosn6), (neven), 
1 
n? cosec” 29, (n odd) ; 5” cosec? Be , (neven). 
n'sec'n§ —n, (n odd); n*+ [1 — (—1)* cos n6] —n,(n even). 
nr 

— n cot (F + nb) : 6. ncotn. 


n—-1 


(— 1)? tan n8, (n odd); (— 1) (n even). 
n? cot? (F + nb) +n (n—1). 


TRIGONOMETRY, (PART II.) iv 


if 2 
10. 0 or = eee BE , according as n is odd or even. 


(— 1)? cos nO-1 


XI. (Pages 86-- 88.) 
17, cosa cosh 8—isina sinh B, 
sin 2a — 7 sinh 28 
cosh 28 — cos 2a ° 
sin a cosh 8 —7 cos a sinh B 
cosh 28 — cos 2a 
20 9 008 2 cosh 8 +t sina sinh 8 
: cos 2a + cosh 28 
21. sinhacos 8 +7 cosh asin £. 
sinh 2a+7sin 28 


= cosh 2a + cos 28 ° 
23 cosh a cos 8 —i sinha sin 8 
: cosh 2a + cos 28 
XII. (Page 92.) 
lo o+ i + i log — , according as cos 0 is positive or 
= — sin 
negative. 


2. sin-(,/sin 6) + é log [,/1 + sin 6 — ,/sin 6], 
XIII. (Page 99.) 
15. 510g (u? +o) +04 tan™ ~ , where 
1 cosh 2y — cos 2x 


U=5 log 5 , and v=tan™! (cot # tanh y). 
XV. (Pages 112,113.) — 
r,s. 2. 22; 8. 0. 4, —-1. 5. —3. 
XVI. (Pages 117, 118.) 
1 4 sina 
" 5-4 cosa’ 


2. 0, provided a does not equal a multiple of 7. 


SS 


10. 


ANSWERS, 


sin? a 4 sin a (cosa — sin a) 
1 — sin 2a + sin? a” 1 —sin 2a + sin? a 


sina —c sin (a—f) —c*sin(a + nB)+c"*1sin {a+ (n— Det 
1—2c¢ cos B +c? 
sin a —¢ sin (a — f) 
1—2ccosB+e * 
1 —c cosh a— c* cosh na + c"*? cosh (n— I)a 
1—2¢ cosha+¢ 
csinha 
1 — 2c cosh a +c?" 
cos a + (—1)*-1{(n + 1) cos (n — I) atn cos na} 
2 (1 + cos a) 
sin a+ (2n + 3) sin na — (2n + 1) sin (nm +1) a 
2 (1—-cos a) 
0, if n=4m or 4m+3, and 1, if n=4m+1 or 4m 42: 


d 


0, if n=4m or 4m +1, and —1, if n=4m+2 or 4m +3. 
B\" .. a) 
(2 cos 5) .sin (a+ a )° 


(2 sin a) ~4 gin G + 5) , except when a= nz, 


0, if n be odd; (— 1)*sin*a, if m be even. 


«GN af RR AO 
(2 sin 5) .sin ("F —), ifn be <1. 
»/cos 6 (1 + cos 6), if 6 be between =f and +=. 


2 
(2 cosh “ye inh ad 
2 eo 


XVII. (Pages 121—123.) 


sin (a +¢ sin ). 2. 6°58 cos (a+esin B). 
~ 0982-058 cos (cos a sin ). 


e cosB 


é 


oR D 


10. 


aE 


12. 


13. 


14, 


16. 


TRIGONOMETRY, (PART IL) vi 


sin a cos (cos 8) cosh (sin f) 
— Cos a sin (cos f) sinh (sin £). 
sin (cos f) cosh (sin f) cos (a — 8) 
— cos (cos 8) sinh (sin f) sin (a — 8). 
eh“ cosh (sinha). 7." * sinh (sinh a), 
eV (802) cos {y sin (sin a)}, where y=e* 


2 8(08@) | cos fy sin (cos a)}, where y= 6""*, 


1 “< 
5 eS? fcos (9 + sin O) + 4 cos (sin 6)} 


+ 2 2°? feos (9 — sin 0) —4 cos (sin 6)}. 


tan i , except when ¢= 1 and a=(2n+1) z=. 
st eo S — , except when c=1 and a=nz. 

it 1 1+2ccosa+e? 

4°°8 [2 cosate’ 

1, _, 2c cosa 1, 142csina+¢? 
ha ai eat oe a esi se 
+ 2 : ae or 0 according as cosa is positive, negative, 


or zero, - 


17. 


18. 


1 = 26.008 6. b= _, 2csin B 
5 008 (a — 8) tan = = — 5%in(a—) tanh a ie 


= log (sin = = cosec =f), except when a+ 8 is a 


multiple of 27. 


19. 


20. 


22. 


d tog [(1 +¢) $/1 + 2c cos 2a + c*}, 


21, — : tan (cos 8 cosech a), 


Coie poe bi 


[2,/3 log, (2+ ,/3) — 7]. 


os Fe 


ANSWERS. 


XVIII. (Pages 125, 126.) 


cot be cot 2"-7 6, 2. cosec 6 {cot 6 — cot (n + 1) 6}. 


cosec 6 {tan (n + 1) 0 —tan 6}. 
cosec $ {tan (9 + np) — tan 6}. 


+ eosee a. {tan (n + 1) a— tan a}. 


Sn= oe ete 2 cot 26; 3 cot 26, 
2 coth 26 — ee coth — 8. tan 2"6—tan 6. 


tan 6 — tan Ls ; tan 6. 


sin 6 (cot 6 — cot 2"6). 
yin 20+ (— 1)" => sin 2°41 8, 
1 1 


5 sin 2 — =-, sin 2"*7 6. 


1 6 In +1 6 
— eosec = (see SS SE 5) 


| 


2 


— = gan tan 2” a—2tane. 


— ]\n-2 
{3 cos 6 + (+) cos 3" ot . 


+ 


[3" tan 3* 6 — tan 6], 


CO] mt | et 


5 fies 6 — 3" cot 3° 6]. 
tan! {(n + 1) (1+ 2)}—tan-? 2. 


tan? (n+1)—tan-"1, ae. tan 5 : 


S, = tan 2"—tan71; S, =7 


22. 


er Pa 


where 


10. 


12. 


13. 


14. 


15. 


TRIGONOMETRY. (PART II.) vill 
1 
aeons Soo =r>e 
Jn+1’ 2 
XIX. (Pages 131, 132.) 
1—acos 6 + a? cos 26—a' cos 30 +... ad inf, 


cos 6 + a@ cos (0+ p) +a cos (9+ 2p) +... ad inf, 
eee ea eA) + . ad inf. 


S,=sin™ 1 —sin™ 


cos 6 +a cos (6+) + pos 0+ 29) + poo + 84) 
+... ad inf. 


2 
76 sin } + ead 2h+ aces 3o+... ad inf, 


a g 


r=+,/a7+6' and g=tane 


end ee Ae eh con Pe aid 


2 3 4 
+ 5 ah cos 5a—... ad inf. 
E bn ip ae oe 
@+¥y—Tx=— Cos a sin %— 5 COs asin 2% — 3 cos a. Sin 3a 


—... ad inf. 


(1) m= tan’ 5 5 (2) m=—tan*a, 
1 1 1 
~ log 2—sin 26 + 5 cos 46+ 3 sin 69 — 7 cos 88 


~ isin 106+... ad inf. 


5 
1 
2 | cos @ tan (7-5) — 5 008 26 tan? a -5) + “i 


+ 2 log cos (¢-§), if 0<f<;5. 


2 [sino sin 30+ 5 sin Bond inf. |. 


ix 


18. 
29. 


ANSWERS. 
XX. (Pages 144—146.) 
nf a+ 2a cos (37 + ies + 1], where r=0, Il, or 2. 


11[ a — 2-008 (6r + 1) u ca 1], where r=0, 1, 2, or 3. 


: 11| 2*— 28 008 (6r + a Al? 


r=0, 1, 2, 3, or 4. 
| 2°20 c08 (3r+1)5 +1], 
r=0, 1, 2, 3, 4, or 5. 
II at — 2a cos (6r+2) = +1], 
r=0, 1, 2, 3, 4, 5, or 6. 
2rr 
(e—1) | a? ~ 2200s 7 haw 1], where r=1 or 2. 


nf. "— 2c cos (2r + 1) 5+ 1], where r= 0, 1, or 2. 
(«—1) 1 a — wv cos “7 + 1], where r=1, 2, or 3. 


(2 +1) II w—2mcos (r+ 1)5 + 1, 
r=0, 1, 2, or 3. 
(#1) | a 20 008 ao BI where r= 1, 2, 3, or 4. 
(«+1)11 | 2-20 cos (2r-+1) 7 4 1], 
easi0 1e eos 
(#—1) | 20008 + 1], where = 1,.2°-..6. 


11] a? — 2 cos (r+) 7 4 1], where r=0, 1, 2 ...9. 


Take the logarithm of both sides of the expression of | 


Art. 115 reading r instead of x; differentiate with respect to r 
and then integrate with respect to 6. 


Si ie 


Sor ar 


PID oO Pw 
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XXII. (Pages 175, 177.) 
+ ‘32746... ft., and + -24989... ft. 
a cos 28 rae a sin? B 


‘cos? (a + 28) cost(a + 28) °? 
107 /3 5 (2—,/3)7 
ait and — 54 feet c 
x—ycosC y—axcosC.. 
Saeary a and Sy radians, 
wT. 
= inches. 
XXIII. (Page 180.) 
—1, and : 2s. : 
—1+2cos 40°, —1+4+2 cos 160°, and —1+2 cos 280°, 
—4, and 2+ 2,/3. 4, 4, and 1+ ,/3. 
2,/7 cos 0, where 0 =33° 37’ 52”, 153° 37’ 52”, and 
273° 37' 52”. 
- z + all cos 0, where 6 = 39° 5’ 51”, 159° 5’ 51”, and 
279° 5’ 51”, 
z 21 cos 6, where 6=44° 50’ 49”, 164° 50’ 49”, and 
284° 50’ 49”. 


XXIV. (Page 182.) 
The expression cannot lie between 2 and — 2. 
The least value is i a? — 6, provided that a> 6. 


The greatest and least values are 3 and : respectively. 


The least value is 2a6. 
If a and } have the same signs, the least value is (a +5). 


2 tan a. 9. seca. 


xi 


ANSWERS. 


” 


MISCELLANEOUS EXAMPLES. (Pages 193—211.) 


4, 


5. 
9. 
12. 


15. 


21. 


7 
3? TT. 
2 i 6 we Lies 
— x sin x — cos x. ah 3a ieee 
—2-41; 142,/34+7(2F,/3). 10. —2. 
cae : Te ae 
q Sin x, if 0<a<F; 0, ifw=5; q sina, if 5 <% <7. 
511-18 sq. ft. 20. 1-5. 


1-(1 - 0s 6) log (2sin §)— 75" sin 9; unless 6 be 


a multiple of 27, when the sum is unity. 


22. 
23. 


24. 


31. 


40. 


45. 


47. 


51. 


52. 


54. 


cot a — 2” cot 2"a. 


em tan = sin 6+ tan?” sin 26+. 
sin a 2 2 


(2nG-aG one B) (b—c)cotma+...+...]. 


B4 Soke Log. os 38. 5 (ton 3" 6—tan 6]. 
A, 44, tan @— 2" tan 

x A eas 1. # 

ano’ 29-5 ang gre ae Sint Sind Sit 89-... 

tan 6, 


cos? [ 1 1 
2 sina See ee ‘ 


1 L383 ie Bae 
ee 1.3 3.5 
+ 9 008 6 + 57 cos 26 + 57, 008 38 + .... 
7 6 
3 7 3. 60. cot oq — cot 6. 


61. 


79. 
86. 


87. 
88. 


89. 


90. 
92. 


93. 


95. 


97. 


99. 


100. 


101. 


102. 


108. 


110. 
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cosh (n + 1)a. sinh na 
sinh a 


15121; “6191. S08 GG br 05 14 Toe 


3 cosec a [sec (2n + 2) a —sec 2a]. 


78. 2°840. 


i yal ‘ 
§ (gm ; tan 3" 6 — 3tan 6), 


sin 3a cosec a cosec 2a 
—sin(3 2"a) cosec 2" a cosec 2"*? a. 


sin 6 | cot ie — cot 4 z 


cot 6 — 2" cot 3A 91, : E tan 3x —3 tan «| ; 


sin? ma cosec a sec 2na, 


al 6 3”"6 2 2 
. [cot ies cot | 3 94, cosec? a — cosec? 2" x. 
1 . Ee Lom 
5a tan 9"6 —tan 0, 96. tan 18m 213° 
ee eae 98. tanh- na. 

2n +5 
a a sin 8 ee a” sin 2"6 


1—xcos0 o: 1 —22” cos 2"0° 


Te 6 6 
5 sinh | coth ri — coth 5 ° 


1 (oes Wee 
Qnei —— cosec? Qn+i 3 COSEC 9° 


e°"° cos (sin 6 tan @) — 1. 


te oe! 
pe [(2-4) cos VO »/ 3a sin vl. 


3 (V2 +1). 


xill ANSWERS. 
_,SinhA sing. +sinAsinhp 7 


Lee cosh A cos —cosAcoshp 4’ ens 


Tv 


8 


A=7,/2cos= and pam /2sing, 


139. 4 cosec? 2a — =e cosec? ari . 
140. 5 cos (2sin @—1); unless 0=nm, when the sum is 
+ : according as ” is even or odd. 
ea sin (9 + =) 
ae s 1 n 


aE SURE Seal x? — 2a cos (0+=) +1 


141. 
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